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Abstract
Multiphysics problems involving two or more coupled physical phenomena are ubiquitous in science and
engineering. This work develops a new partitioned exponential approach for the time integration of multi-
physics problems. After a possible semi-discretization in space, the class of problems under consideration
is modeled by a system of ordinary differential equations where the right-hand side is a summation of two
component functions, each corresponding to a given set of physical processes.
The partitioned-exponential methods proposed herein evolve each component of the system via an ex-
ponential integrator, and information between partitions is exchanged via coupling terms. The traditional
approach to constructing exponential methods, based on the variation-of-constants formula, is not directly
applicable to partitioned systems. Rather, our approach to developing new partitioned-exponential families
is based on a general-structure additive formulation of the schemes. Two method formulations are consid-
ered, one based on a linear-nonlinear splitting of the right hand component functions, and another based
on approximate Jacobians. The paper develops classical (non-stiff) order conditions theory for partitioned
exponential schemes based on particular families of T-trees and B-series theory. Several practical methods
of third order are constructed that extend the Rosenbrock-type and EPIRK families of exponential integra-
tors. Several implementation optimizations specific to the application of these methods to reaction-diffusion
systems are also discussed. Numerical experiments reveal that the new partitioned-exponential methods can
perform better than traditional unpartitioned exponential methods on some problems.
Keywords. Multiphysics systems, exponential time integration, Butcher series, partitioned methods.
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1. Introduction
Multiphysics problems involve two or more coupled physical phenomena that take place simultaneously
in both space and time. After semi-discretization in space, multiphysics problems are modeled as a system
of ordinary differential equations where the time tendency (the “right-hand side function”) is additively
partitioned, with each component modeling a different physical phenomenon. Physical phenomena may have
different dynamical characteristics, i.e., some can be stiff and some non-stiff. For example, in atmospheric
composition problems, one has non-stiff advection, mildly stiff turbulent diffusion, and stiff chemical and
aerosol processes [62, 68].
Multi-methods for time integration, such as implicit-explicit (IMEX) schemes [3, 14–16, 21, 75, 76, 78–
80, 82], take advantage of this structure. The stiff term (e.g., diffusion) is handled by the implicit method
and the non-stiff term (e.g., reaction) by the explicit method. In a two-partition system, if both terms are
stiff, IMEX methods can be inefficient; the explicit method may be stability bound and suffer from timestep
restriction. Some authors have used Implicit-Implicit methods [5, 22, 26, 28, 83] to solve such problems,
where both partitions are treated implicitly. Implicit-Implicit methods require the two linear or non-linear
systems be solved in a staggered manner with one partition going first, and extrapolating the other partition.
Extrapolation can result in a method that is less stable compared to solving the unpartitioned problem with
an implicit method [5]. Alternatively, solving the unpartitioned problem with an implicit method cannot
draw benefits from the structure of the two individual partitions, which can be lost when treating them as
one whole. If a pre-conditioner is available for the full right-hand side or for each of the partitions, Implicit
and Implicit-Implicit methods can be very efficient. However, if either partition is non-linear, obtaining a
pre-conditioner can be a non-trivial task in itself.
Exponential integrators have proven to be more stable than explicit integrators, and computationally
cheaper than implicit integrators for some problems [44, 55]. Although they were first developed several
decades ago [18, 23, 32, 41], research on exponential integrators faded due to the lack of efficient means
to compute matrix-exponential-like operations. Hochbruck et al. [33, 34] revived interest in the field by
building adaptive timestep methods and efficiently evaluating matrix-exponential-like functions using Krylov
subspace approximations. Since then numerous authors have contributed to the field as summarized in these
review articles [36, 53].
Exponential integrators for split/partitioned systems have recently enjoyed considerable attention. Implicit-
Exponential integrators like IMEXP [48] and IIF [20, 57, 81] treat one of the partitions implicitly and the
other partition exponentially. In the context of reaction-diffusion equations, IMEXP methods have been used
to treat the linear operator corresponding to diffusion implicitly and the non-linear reaction exponentially
[48]. IMEXP admits the use of preconditioners for solving the Laplacian operator. IIF schemes, on the other
hand, have been used to treat the diffusion term exponentially and the reaction term implicitly [20, 57].
They have been structured so that the implicit solve involving the nonlinear reaction terms is dealt with
independent of the exponential treatment of the diffusion term. Therefore, the implicit solves are performed
only on nonlinear equations local to each grid-point [20]. For convection-diffusion problems Celledoni et al.
[17] introduce semi-Lagrangian methods that treat the convective part exactly and the diffusive part im-
plicitly. Structure preserving exponential methods have been studied in [6] for ODEs perturbed by a linear,
damping term that can be time-dependent. There the linear operator corresponding to the linear term is
scalar and Lawson transformation [41] is used to rewrite the ODE. A variety of RK methods is applied to
the modified ODE to construct new methods. This procedure to construct Exponential Runge-Kutta (ERK)
and Partitioned Exponential Runge-Kutta (PERK) schemes preserve some desirable properties of the exact
solution as elucidated further in the article [6]. Tranquilli and Sandu [73, 74] apply matrix exponential only
in a Krylov subspace, and integrate the remaining dynamics explicitly. Flexible Exponential Integrators
(FEI) are developed in [42], and seek to generalize Exponential-Rosenbrock [34, 37, 47] and Exponential
Runge–Kutta [35] methods. They split the right-hand side into stiff and non-stiff terms. They then perform
a continuous linearization of the nonstiff term about the current solution, and arrive at a formulation that
admits different combinations of exponential-like matrix functions to act on the stiff and non-stiff remainder
terms.
This work develops partitioned exponential methods where each component of the system is discretized
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with a (different) exponential integrator. Our exponential-exponential approach distinguishes this work from
previous exponential-implicit, exponential-explicit, or exponential-Lagrangian schemes. We build W-type
partitioned-exponential methods by casting unpartitioned methods from EPIRK [69, 70] and EXP [33, 34]
families into a structure-revealing, GARK-like [28, 63] framework. W-methods were first introduced in [67]
to build implicit time integration methods that admit Jacobian approximations in the method formulation.
In section 2, we discuss the partitioned problem formulation and the construction of partitioned methods
using the variation-of-constants formula. We highlight the difficulty of building methods via the variation-of-
constants approach and consider some strategies to work around the restriction. Section 3 presents alternate
formulations of partitioned-exponential methods using the GARK framework. The structure of trees and
derivatives, and B-series theory for the formulations presented in section 3 are discussed in section 4. Section
5 delves briefly into the construction of three stage third order methods. Implementation issues and various
computational optimizations specific to reaction-diffusion systems are addressed in section 6. Numerical
experiments are studied in section 7 and conclusions are drawn in section 8.
2. Partitioned Problems and the Variation of Constants Formula
We are concerned with the numerical solution of complex differential equations (1) that can be split into
multiple components. Splitting [49, 52] is a general concept for partitioning a problem into its constituent
pieces that are each simpler to solve than the original problem. In the context of ODEs (and PDEs), splitting
can be applied in a number of ways such as: separate the right-hand side function into linear and non-linear
pieces and treat each of them differently [1, 12, 27, 60]; perform dimensional splitting and integrate along
one spatial dimension at a time [43, 54, 77]; partition the right-hand side function into distinct operators
and perform time evolution of the PDE one operator at a time [24, 25, 39, 40, 66]; partition space into
non-overlapping domains and solve the PDE on each domain (in parallel) and adjust the solution at the
interfaces of domains [65, 72].
To be specific, consider the initial value problem
y′ = F (y) =
P∑
m=1
f{m}(y), y(t0) = y0 ∈ RN , t ≥ t0, (1)
where F is the (unpartitioned) full right-hand side function, which is composed of P processes f{1} . . . f{P}
acting simultaneously. To derive a partitioned exponential formulation, we further split each right-hand side
function component as follows:
f{m}(y) = L{m} y +N {m}(y), m = 1, . . . , P, (2a)
F (y) = L y +N (y), L =
P∑
m=1
L{m}, N (·) =
P∑
m=1
N {m}(·), (2b)
where L{m}y are the linear components and N {m}(y) are the corresponding non-linear remainders of each
f{m}(y), respectively. We assume that L{m} capture the stiffness in the corresponding partitions.
2.1. Classical exponential methods
Classical exponential schemes solve the unpartitioned, linearized equation (2b). In this paper, we study
partitioned derivatives of two families of classical exponential integrators – Rosenbrock-style exponential
methods (EXP [34]) and Runge–Kutta style exponential methods (EPIRK [69, 70]).
Matrix-exponential-like functions and their products with vectors serve as major building blocks of
exponential time integrators. Most commonly appearing matrix-exponential-like operators are the analytical
functions, ϕk, defined as follows [70]:
ϕ0(z) = exp(z), ϕk(z) =
∫ 1
0
e(1−θ)z · θ
k−1
(k − 1)! dθ, k ≥ 1, (3)
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and they satisfy the recurrence relation:
ϕk+1(z) =
ϕk(z)− ϕk(0)
z
, ϕk(0) = 1/k! . (4)
The series expansion of ϕk(z) is:
ϕk(z) =
∞∑
i=0
zi
(k + i)!
. (5)
Rosenbrock-style exponential methods proposed in [34] (and denoted EXP herein) use only ϕ1 functions
in their formulation. The unpartitioned EXP method is summarized in Formulation 1. Here, Jn = ∂F∂y (yn)
is the Jacobian of the right-hand side function; s is the number of stages of the method; lastly, α, γ (and
γi,j) and b are the coefficients of the method that one has to determine. W-type EXP methods can replace
the Jacobian Jn by an arbitrary matrix W while preserving the order of accuracy [34].
ki = ϕ1(γhJn)
F (ui) + hJn i−1∑
j=1
γi,jkj
 ,
ui = yn + h
i−1∑
j=1
αi,jkj , i = 1, . . . , s
yn+1 = yn + h
s∑
i=1
biki.
Formulation 1: Standard Rosenbrock-exponential (EXP) method [34] applied to the unpartitioned system (1).
EPIRK (Exponential Propagation Iterative Methods of Runge–Kutta type) methods [69, 70] have a
very general formulation among exponential integrators of Runge–Kutta type. Unlike the EXP method,
EPIRK methods rely on ϕ1 and higher-order ϕk functions and their linear combinations (Ψ, see (6)) in their
construction. In return, we can build higher-order methods with low stage count [70, 71].
Consider also the sEPIRK scheme [60] in Formulation 2. L is the linear operator and N is the non-linear
remainder after linearization of the right-side function, F , i.e., F (y) = Ly+N (y); Ψ is the linear combination
of ϕk functions and is defined in (6); the forward difference on the non-linear remainder, ∆(l−1)N (yn), is
defined in equation (7). The coefficients a’s, b’s, g’s, and p’s (embedded in Ψ) have to be determined to
build new methods.
Yi = yn + ai,1Ψi,1(hgi,1L)hf(yn) +
i∑
l=2
ai,lΨi,l(hgi,lL)h∆
(l−1)N (yn), i = 1, . . . , s− 1,
yn+1 = yn + b1Ψs,1(hgs,1L)hf(yn) +
s∑
l=2
blΨs,l(hgs,lL)h∆
(l−1)N (yn).
Formulation 2: Standard sEPIRK method [60] applied to the unpartitioned system (1).
The Ψ functions that appear in Formulation 2 are linear combinations of ϕk functions (3):
Ψi,j(z) = Ψj(z) =
j∑
k=1
pj,k ϕk(z). (6)
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The forward difference operator acting on the nonlinear remainder terms in Formulation 2 arises from their
interpolation and is defined using a recurrence relation:
∆(1)N (Yi) = N (Yi+1)−N (Yi), ∆(j)N (Yi) = ∆(j−1)N (Yi+1)−∆(j−1)N (Yi). (7)
2.2. A split solution approach
Using the variation-of-constants approach we write the solution to the ODE system (1) with P = 2
processes at a future time instant, tn + h, as:
y(tn + h) = y(tn) + ϕ1
(
h(L{1} + L{2})
)
hL{1} y(tn) + ϕ1
(
h(L{1} + L{2})
)
hL{2} y(tn)
+ h
∫ 1
0
e(h(L
{1}+L{2}))(1−θ)N {1} (y(tn + hθ))︸ ︷︷ ︸
interpolate
dθ
︸ ︷︷ ︸
numerical quadrature
+h
∫ 1
0
e(h(L
{1}+L{2}))(1−θ)N {2} (y(tn + hθ))︸ ︷︷ ︸
interpolate
dθ
︸ ︷︷ ︸
numerical quadrature
.
(8)
Following the standard sEPIRK [60] approach, a discretization method is obtained by using (possibly differ-
ent) numerical quadratures to approximate the integrals, and interpolating (with possibly different formulas)
terms involving the non-linear remainder. The additively partitioned sEPIRK method is summarized in For-
mulation 3 below. In the formulation, Ψ and Ψˆ are distinct linear combinations of ϕk functions as defined in
Yi = yn + ai,1Ψi,1 (hgi,1L)hL
{1}yn + aˆi,1Ψˆi,1 (hgˆi,1L)hL{2}yn
+
i∑
j=1
ai,jΨi,j (hgi,jL)h∆
(j−1)N {1}(yn)
+
i∑
j=1
aˆi,jΨˆi,j (hgˆi,jL)h∆
(j−1)N {2}(yn), i = 1, 2, . . . s− 1,
yn+1 = yn + b1Ψs,1 (hgs,1L)hL
{1}yn + bˆ1Ψˆs,1 (hgˆs,1L)hL{2}yn
+
s∑
j=1
bjΨs,j (hgs,jL)h∆
(j−1)N {1}(yn)
+
s∑
j=1
bˆjΨˆs,j (hgˆs,jL)h∆
(j−1)N {2}(yn).
Formulation 3: Additively partitioned sEPIRK method.
equation (6). When the same quadrature and interpolation formulas are used for both partitions, Ψˆi,j = Ψi,j
and gˆi,j = gi,j , the original sEPIRK method [60] is recovered.
The drawback of Formulation 3 is that it does not fully benefit from partitioning the right-hand side
function. Specifically, as with any exponential method, the computational cost is dominated by the evalua-
tion of matrix function vector products of the form Ψˆi,j(hgˆi,jL)u and Ψi,j(hgi,jL)u. The matrix functions
are computed on the matrix L = L{1}+L{2}, and therefore Formulation 3 is equivalent to having linearized
the full right-hand side and then used the variation-of-constants approach. To realize in full the poten-
tial computational benefits of treating each partition on its own, one needs to be able to compute matrix
functions of individual linear components, Ψˆi,j(hgˆi,jL{1})u and Ψi,j(hgi,jL{2})u.
A possible idea is to use splitting methods [49, 52] to approximate the exponential function in (8):
ehgL ≈ ehgL{1} · ehgL{2} . (9)
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However, we cannot easily arrive at a discrete formulation involving the ϕk functions. Alternatively, one can
start with the discrete formulation of Formulation (3), and replace the ϕk(hgˆi,jL)u terms by expressions
computed using the exponential split approximation (9) in the function definition (3). The errors resulting
from these approximations need to be quantified appropriately. We do not pursue further this line of thinking
in the current paper.
Rather, we build partitioned methods using a structure-revealing formulation similar to the one employed
in the “Generalized Additive Runge–Kutta” framework (GARK) [28, 63]. In Appendix A we discuss an
alternative procedure to build partitioned exponential methods that involves averaging the stages of two
unpartitioned methods, each using a separate linear operator as argument to the Ψ functions. We next
discuss GARK-based formulations.
3. Partitioned-Exponential Formulations
In this section, we construct partitioned-exponential methods using a general-structure additive expo-
nential strategy (GAXP), which extends an unpartitioned exponential scheme to a partitioned scheme in
structure-revealing, GARK-like form. The unpartitioned base methods used here to construct the new
schemes fall into one of two well-known exponential time integration families, EXP [33, 34] and EPIRK
[69, 70], discussed in Section 2.1.
The structure-revealing GARK methods for partitioned systems allow the component functions (f{1}
and f{2}) to be evaluated on different stage values [28, 63]. The stage values are computed in a Runge–
Kutta framework. Borrowing this approach, GAXP builds different stage vectors for different partitions.
Each stage computation includes coupling terms with the other components. The GAXP formulation of
Rosenbrock-style EXP-W schemes [38] is given in Formulation 4 and that for Runge–Kutta style EPIRK-W
schemes [56] is given in Formulation 6.
The practical methods we develop herein and report in Appendix B and Appendix C, use different
stage vectors for all partitions, analogous to the philosophy of classical generalized additive Runge–Kutta
methods (GARK) [63]. The method we report in Appendix D, uses same stage vectors for all partitions,
analogous to the philosophy of classical additive Runge–Kutta methods (ARK) [11]. We found this to be
a reasonable compromise to build partitioned-exponential methods. Similar to how classical exponential
methods degenerate to classical Runge–Kutta methods when the linear operator L in (2) is a zero matrix,
our methods degenerate to a GARK or an ARK method scheme in this case.
3.1. The split-right-hand-side approach and the W approach for constructing partitioned schemes
We seek to build methods for initial value problems (IVP) 1–2 where the right-hand side is additively
partitioned (for two partitions, F = f{1} + f{2}). Two approaches, the split and the W-approach, are
possible to formulate the methods and analyze the order conditions.
In the split-RHS approach [60], the component functions are split into their corresponding linear (L{1}
and L{2}) and non-linear (N {1} and N {2}) parts, and Taylor series of the exact and numerical solutions are
constructed using derivatives of these parts. Order conditions are obtained by combining these terms such
as to recover the derivatives of the exact solution, which involve derivatives of the un-split right hand side
functions f{1}, f{2}.
W formulations [29, 67] are obtained by replacing Jacobians (J{1} and J{2}) by arbitrary square matrices
(W{1} andW{2}) in the formulation of an exponentially split scheme. Taylor series of the numerical solution
are constructed using derivatives of the right hand side functions f{1}, f{2}, and order conditions are imposed
to cancel all the terms that involve the arbitrary matrices W{1} and W{2}.
We argue, informally, that the split-RHS and W approaches to formulating partitioned exponential meth-
ods are equivalent. In Section 4 we detail the procedure we follow to build methods using the partitioned-split
and partitioned-W formalisms, and it turns out that the resulting machinery is largely similar.
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3.2. Partitioned methods of Rosenbrock-exponential type (PEXPW)
We now consider the Rosenbrock-exponential schemes described in Formulation 1 and extend them to
solve partitioned systems of the form (1)–(2).
W-methods were first introduced in [67] to admit the use of inexact Jacobians in implicit schemes. The
Jacobian matrix in the formulation of Rosenbrock methods is replaced by an arbitrary square matrix W.
Order conditions are solved while taking into account the arbitrary approximation, so as to ensure a desired
order of accuracy. While W-methods admit arbitrary approximations to the Jacobian, in practice one needs
some form of Jacobian approximation W ≈ Jn to ensure stability of the methods [67] and [30, Section IV.7
and IV.11]. Exponential methods of W-type are obtained by replacing the exact Jacobian in Formulation
1 with an arbitrary square matrix W. The resulting (unpartitioned) EXP-W methods were first proposed
and studied in [34]. W-methods of EPIRK type are discussed in [56].
We extend EXP-W methods of Formulation 1 to work for partitioned multiphysics systems (1). To
this end we choose a different arbitrary square matrix W{m} matrix for each partition m = 1, . . . , P . The
resulting partitioned family of methods is called PEXPW (partitioned EXP-W).
The generic PEXPW method is defined in Formulation 4. Here k{m}i defines the i-the internal stage of
the m-th partition, and s{m} is the number of stages of the method applied to the m-th partition. Each
partition m is solved with its own EXP-W method with s{m} stages, coefficients α{m,m}i,j and γ
{m,m}
i,j , and
its arbitrary Jacobian approximation W{m}. The vectors k{m}i are the i-the internal stage of the m-th
partition. The coefficients α{q,m}i,j and γ
{q,m}
i,j define the coupling between partitions q and m. The method
is of general structure (GAXP) Rosenbrock-exponential type.
k
{q}
i = ϕ
(
hγ
{q,q}
i,i W
{q}
) hf{q}(u{q}i ) + hW{q} P∑
m=1
min(i−1,s{m})∑
j=1
γ
{q,m}
i,j k
{m}
j
 ,
u
{q}
i = yn +
P∑
m=1
min(i−1,s{m})∑
j=1
α
{q,m}
i,j k
{m}
j , i = 1, . . . , s
{q}, q = 1, . . . , P,
yn+1 = yn +
P∑
q=1
s{q}∑
i=1
b
{q}
i k
{q}
i .
Formulation 4: Partitioned EXP-W method (PEXPW) of GAXP-type.
Remark 3.1. The traditional EXP-W methods of Formulation 1 use a single matrix-vector product cal-
culation with ϕ1(hγi,iW) per stage. PEXPW methods of Formulation (4) requires the evaluation of P
matrix-vector products ϕ1(hγ
{m,m}
i,i W
{m}) for m = 1, . . . , P . This offers the opportunity to replace on
evaluation of a function of a complex matrix into multiple evaluations of functions of simpler, or sparse,
matrices. In addition, the coefficients γ{m,m}i,i can vary between partitions, allowing possible speed-ups of
the Arnoldi (or Lanczos) iterations. Therefore, the partitioned formulation (4) brings additional flexibility
in constructing new methods that could result into improved computational performance.
3.3. Partitioned exponential methods of EPIRK type (PEPIRKW)
Recall the Runge–Kutta-exponential schemes discussed in section 2.1. We will further focus on building
partitioned methods of EPIRK and sEPIRK type using the GARK framework.
3.3.1. Partitioned sEPIRK with a GAXP structure
Consider now the classical sEPIRK scheme described in Formulation 2 [60]. The partitioned sEPIRK
scheme built in the GAXP framework is summarized in Formulation 5. Unfortunately, this structure does
not lead to useful partitioned exponential methods (see Lemma 3.1).
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Y
{j}
i = yn +
P∑
k=1
a
{j,k}
i,1 Ψ
{j,k}
i,1 (hg
{j,k}
i,1 L
{k})hf{k}(yn) +
P∑
k=1
i
{k}
Y∑
l=2
a
{j,k}
i,l Ψ
{j,k}
i,l (hg
{j,k}
i,l L
{k})h∆(l−1)
Y {k}N {k}(yn),(
where i = 1, . . . , s{j}, j ∈ P
)
,
yn+1 = yn +
P∑
k=1
b
{k}
1 Ψ
{k,k}
s{k},1(hg
{k,k}
s{k},1L
{k})hf{k}(yn) +
P∑
k=1
s{k}∑
l=2
b
{k}
l Ψ
{k,k}
s{k},l(hg
{k,k}
s{k},lL
{k})h∆(l−1)
Y {k}N {k}(yn).
Formulation 5: Partitioned sEPIRK method of GAXP-type.
Lemma 3.1. For the initial value problem (1), the partitioned sEPIRK method of Formulation 5 only has
a first order solution.
Proof. We specialize the proof for P = 2. Consider the initial value problem (1)–(2). The true solution at
a future time instant, tn + h, can be written using Taylor series up to second-order as follows:
y(tn +h) = y(tn) +h
(
f{1}(yn) + f{2}(yn)
)
+
h2
2
∂(f{1}(y) + f{2}(y))
∂y
∣∣∣∣
y=yn
(
f{1}(yn) + f{2}(yn)
)
+O(h3).
Expand the mixed second order term in the Taylor series using the linear and non-linear parts of each
component:
∂f{1}(y)
∂y
f{2}(y) =
∂
(
L{1}y +N {1}(y))
∂y
(
L{2}y +N {2}(y)
)
= L{1}L{2}y + L{1}N {2}(y) + ∂N
{1}(y)
∂y
L{2}y +
∂N {1}(y)
∂y
N {2}(y)
So the true solution has the following terms in its expansion:{
L{1}L{2}y,L{1}N {2}(y), ∂N
{1}(y)
∂y
L{2}y,
∂N {1}(y)
∂y
N {2}(y)
}
. (10a)
The other second order term gives rise to the following additional terms in the expansion of the true solution:{
L{2}L{1}y,L{2}N {1}(y), ∂N
{2}(y)
∂y
L{1}y,
∂N {2}(y)
∂y
N {1}(y)
}
. (10b)
The partitioned sEPIRK method of Formulation 5 applies functions of a component matrix L{1} only to
vectors corresponding to the same partition, and therefore it does not generate the following mixed terms
in its solution expansion: {
L{1}L{2}y, L{1}N {2}(y), L{2}L{1}y, L{2}N {1}(y)
}
.
Consequently, Formulation 5 cannot be used to construct methods of order two or higher.
3.3.2. Partitioned EPIRK-W methods
In order to obtain higher order methods we modify Formulation 5 as follows. First, in the spirit of
EPIRK-W schemes [56], we allow arbitrary matrices W{m} for each partition in the formulation of matrix
exponential functions. Second, we perform the forward difference operations on the component functions,
rather than on the remainder terms.
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Y
{q}
i = yn +
P∑
m=1
a
{q,m}
i,1 Ψ
{q,m}
i,1
(
hg
{q,m}
i,1 W
{m}
)
hf{m}(yn)
+
P∑
m=1
i
{m}
Y∑
j=2
a
{q,m}
i,j Ψ
{q,m}
i,j
(
hg
{q,m}
i,j W
{m}
)
h∆
(j−1)
Y {q} f
{m}(yn),
i = 1, . . . , s{q} − 1, q = 1, . . . ,P,
yn+1 = yn +
P∑
m=1
b
{m}
1 Ψ
{m,m}
s{m},1
(
hg
{m,m}
s{m},1W
{m}
)
hf{m}(yn)
+
P∑
m=1
s{m}∑
j=2
b
{m}
j Ψ
{m,m}
s{m},j
(
hg
{m,m}
s{m},jW
{m}
)
h∆
(j−1)
Y {m}f
{m}(yn).
Formulation 6: Partitioned EPIRK-W method (PEPIRKW) of GAXP type.
.
The resulting family of schemes, named PEPIRKW (partitioned EPIRK-W) is summarized in Formula-
tion 6. The methods are of GAXP type, in that they build a separate set of stages for each partition, with
coupling terms mixing in information from the other partitions.
Unlike Formulation 5, Formulation 6 can generate all mixed derivatives in a Taylor expansion of the
numerical solution. This can be verified by noting that the power series representation of Ψ functions has a
scaled identity as the first term which in turn gives rise to all mixed derivatives of the partitioning functions
as does the underlying GARK method. Consequently, higher order methods are achievable with Formulation
6.
The methods proposed in this section are by no means an exhaustive list of partitioned exponential
methods of EXP and EPIRK type, but rather a sampling of different ways to structure computations for
partitioned systems given the shortcomings in deriving one from the IVP, as established in Section 2. We
now turn our attention to the mechanics of actual method building of the types discussed.
4. Order Conditions
To build a new time integration method in the formulations proposed in the earlier section, one must take
successive derivatives and construct the Taylor series expansions of the exact and numerical solutions, and
match them up to the desired order. Equating the coefficients of the two expansions gives rise to ‘classical’
(nonstiff) order conditions that are solved to determine the coefficients of the scheme. When constructing
methods of a high order, repeated differentiation of the expression for the numerical approximation can
get cumbersome. We will employ Butcher’s rooted tree and B-series formalism to ease this process [8–
10, 13, 29, 31, 46, 56, 60, 73].
4.1. TPS-trees and the corresponding B-series
Rooted trees graphically represent the elementary differentials that arise during Taylor expansion of
both the exact solution and the numerical approximation [7, 10, 29]. The formulation of the numerical
approximation and the form of the right-hand side function (such as non-split, linearized about the current
state, and split using a linear operator) together determine the structure of the elementary differentials, and
consequently the rooted trees. For example, the rooted trees of an unpartitioned Runge–Kutta method are
T-trees [8, 10, 29]. An expansion defined using rooted trees as the basis is called B-series [29].
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Definition 4.1 (B-series [8, 19, 29, 31]). A B-series a : T ∪ {∅} 7→ R is a mapping from the set of rooted
trees T and the empty tree (∅), to real numbers:
B(a, y) = a(∅) y +
∑
τ∈T
a(τ)
h|τ |
σ(τ)
F (τ)(y).
Here h is the timestep where the numerical method approximates the exact solution, yn+1 ≈ y(tn + h). For
each tree τ ∈ T ∪ {∅}, |τ | is the order of the tree, and corresponds to the number of nodes in the tree, and
σ(τ) is the order of the symmetry group associated with the tree. F (τ)(y) is the elementary differential
corresponding to the tree, evaluated at y.
We consider the initial value problem (1) with a two-way partitioned system, P = 2. To track higher
derivatives of f{1} and f{2} one needs two different colors for the nodes. Further, to account for the linearized
partition (2), one needs two types of nodes for each component, one representing the linear parts and the
other derivatives of the nonlinear parts. Consequently, the set of Butcher trees that represent the solutions
of the partitioned system (1) with P = 2 consists of four different node types.
Definition 4.2 (TPS-trees). The set of TPS-trees is a generalized set of T-trees with four different types
of nodes, chosen from the set { ,#,,}. The tree structures are constrained as follows:
i. Each node in the tree can be either a square or a round node, node ∈ {, ,#}, however
ii. Square nodes have only one child, i.e., nodes ∈ {,} are singly branched.
The elementary differentials associated with each trees are constructed differently, depending on the type
of method we consider, as discussed in Section 3.1:
• For partitioned-split methods, the square nodes nodes  and  represent the action of the linear parts
L{1} and L{2}, respectively. The round nodes  and # represent the non-linear parts N {1} and N {2},
respectively. We use this formalism for deriving partitioned methods built by averaging unpartitioned
counterparts, as described in Appendix A.
• In the case of partitioned W-methods, the square nodes  and  represent the action of the approx-
imate Jacobians W{1} and W{2}, respectively. The round nodes  and # represent the component
functions f{1} and f{2}, respectively. We use this formalism to derive partitioned methods of PEXPW
and PEPIRKW type, as discussed in sections 3.2 and 3.3, respectively.
Before continuing our discussion of order conditions for partitioned exponential methods, we revisit the
definition of the B# operator, which takes a B-series and returns the set of coefficients ordered sequentially
over the rooted trees.
Definition 4.3 (The B# operator [73]). Let B(a, y) be a B-series, then the operator B# is defined as
follows:
B# (B(a, y)) = a.
The TPS trees up to order three are shown in Tables F1–F11 of Appendix F. The tables show the tree
geometry, and provide the following information for each tree τ :
• F (τ)(y): the elementary differential corresponding to the tree, evaluated at y in tensor notation
(similarly structured for split and W-methods);
• a(τ): the coefficient of B-series B(a, y) corresponding to the tree τ ;
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• B# (hLB(a(τ), y)) and B# (hMB(a(τ), y)): coefficients corresponding to the tree τ , of the result of
multiplying the arbitrary B-series B (a(τ), y) by linear operators represented by the nodes  and ,
respectively;
• B# (hN (B (a(τ), y)) and B# (hP(B (a(τ), y)): coefficients corresponding to the tree τ of the result
of evaluating functions represented by nodes  and # on the arbitrary B-series B(a(τ), y);
• 1/γs(τ) and 1/γw(τ): the coefficients of the TPS-tree τ in the B-series expansion of the exact solution
for split and W-methods, respectively.
Remark 4.1 (Interpretation of the trees). Although the interpretation of the nodes { ,#,,} differs
between split methods and W-methods, the definition of the TPS-tree operations in Tables F1–F11 of
Appendix F remains the same. In Tables F1–F11 of Appendix F, we use the symbols L andM to represent
the linear parts of the two components and the corresponding nodes are {,}, respectively. The symbols
N and P represent the nonlinear parts of the two components and the corresponding nodes are { ,#}. The
corresponding quantities for each case are shown in Tables 1 and 2.
Node Tables F1–F11 of Appendix F The quantity
notation it represents
 L L{1}
 M L{2}
 N N {1}
# P N {2}
Table 1: Notation for Split-RHS methods
Node Tables F1–F11 of Appendix F The quantity
notation it represents
 L W{1}
 M W{2}
 N f{1}
# P f{2}
Table 2: Notation for W methods
Remark 4.2 (Trees ending in a square node). The interpretation of TPS-trees ending in a square node is as
follows:
• for a split-RHS method, if a TPS-tree ends in a square node,  (or ), it corresponds to the appearance
of an L{1}y (or L{2}y) term at the appropriate location in the elementary differential.
• for a W method, if a TPS-tree ends in a square node,  (or ), it corresponds to the appearance of a
W{1}y (or W{2}y) term at the appropriate location in the elementary differential. Terms containing
W{1}y (or W{2}y) do not appear in the Taylor expansion of the exact or the numerical solution.
Consequentially, trees ending in a square node carry a zero B-series coefficient in both exact and
numerical solutions.
4.2. B-series of the exact solution
The last two rows of Tables F1–F11 of Appendix F give the B-series of the exact solution expressed using
TPS-trees (1/γs(τ) or 1/γw(τ), depending on the type of method, split-RHS or W, respectively). These
coefficients are derived by mapping T-trees to the corresponding TPS-trees, together with the coefficients
of the B-series expansion of the exact solution.
For instance, the elementary differential Fy F , corresponding to a single T-tree, maps to sixteen elemen-
tary differentials of a partitioned split-RHS method of the form (10). Each of these elementary differentials
corresponds to a TPS-tree, and the B-series coefficient of the exact solution for each of the sixteen TPS-
trees will be the same coefficient as on the T-tree corresponding to Fy F . These mappings can be derived
by Taylor expanding the true solution in elementary differentials corresponding to T-trees and replacing the
derivatives with those when the function is split as is done in Lemma 3.1 for the mixed derivatives case.
For W-methods, the TPS-trees are in fact a superset of the P-trees [29, Section II.15]. The B-series
coefficients of the exact solution for trees that do not contain a W node are the same as the coefficients of
the equivalent P-trees. The B-series coefficients of the exact solution for trees that contain a W node are
zero, as these trees do not show up in the expansion of the true solution.
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4.3. Operations with TPS-trees and the corresponding B-series
We use the linearity property of B-series and the B# operator, and the TPS operations defined below,
to derive the B-series expansion of the numerical solutions via an algorithmic procedure similar to that
outlined in [56, 73].
Definition 4.4. The operator T maps an elementary differential to the corresponding TPS-tree:
T : elementary differential 7→ TPS-tree
Example 4.1. The application of operator T on elementary differentials for split-RHS and W-methods is
illustrated below:
Split-RHS W
T(L{1}y) ↔ j T(W{1}y) ↔ j
T(N {1}(y)) ↔ j T(f{1}(y)) ↔ j
T(L{2}y) ↔ j T(W{2}y) ↔ j
T(N {2}(y)) ↔ j T(f{2}(y)) ↔ j
T(N {1}y (y)L{2}y) ↔ j
k
T(f{1}y (y)W{2}y) ↔ j
k
Definition 4.5. The operator R[`]ζ (τ) removes ` times the node ζ from the root of tree τ , to produce a
resultant tree. The operation is only defined on trees where such removal is possible.
Example 4.2. The application of operator R{`}ζ to TPS trees for split-RHS and W-methods is illustrated
below:
Split-RHS W
R{1}
L{1}
(
T(L{1}y)
) ↔ ∅ R{1}W{1} (T(W{1}y)) ↔ ∅
R{1}
L{1}
(
T(L{1}L{1}(y))
) ↔ j R{1}
W{1}
(
T(W{1}W{1}(y))
) ↔ j
R{1}
L{2}(T(L
{2}y)) ↔ ∅ R
{1}
W{2}(T(W
{2}y)) ↔ ∅
R{1}
L{2}(T(L
{2}L{2}(y))) ↔ j R{1}
W{2}(T(W
{2}W{2}(y))) ↔ j
R{1}
L{2}(T(L
{2}N {1}(y))) ↔ j R{1}
W{2}(T(W
{2}f{1}(y))) ↔ j
R{1}
L{2}(T(L
{2}L{2}N {1}(y))) ↔ j
k
R{1}
W{2}(T(W
{2}W{2}f{1}(y))) ↔ j
k
R{2}
L{2}(T(L
{2}L{2}N {1}(y))) ↔ j R{2}
W{2}(T(W
{2}W{2}f{1}(y))) ↔ j
R{1}
L{1}(T(L
{2}L{2}N {1}(y))) ↔ undefined R
{1}
W{1}(T(W
{2}W{2}f{1}(y))) ↔ undefined
Definition 4.6. The operator %(τ) returns the root node of the tree τ .
Example 4.3. The application of operator % to TPS trees for split-RHS and W-methods is illustrated below:
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Split-RHS W
%(T(L{1}y)) ↔ %(T(W{1}y)) ↔
%(T(N {1}(y))) ↔ %(T(f{1}(y))) ↔
%(T(L{2}y)) ↔ %(T(W{2}y)) ↔
%(T(N {2}(y))) ↔ %(T(f{2}(y))) ↔
%(T(N {1}y (y)L{2}y)) ↔ %(T(f{1}y (y)W{2}y)) ↔
%(T(N {2}y (y)L{2}y)) ↔ %(T(f{2}y (y)W{2}y)) ↔
Lastly, we denote by θ[τ1,τ2,...τk] the TPS-tree with root θ and the subtrees τ1, τ2, . . . , τk as the children
of the root. Pictorially the tree is represented as follows:
θ
τ1 τ2 . . . τk
Lemma 4.1 (Application of a function to a B-series). The application of a component function to a B-series
is another B-series,
h f{m}(B(a, y)) = B(b, y),
whose coefficients are formally denoted by b = f{m}(a) and are computed as follows:
f{m}(a)(τ) =

0 τ = ∅,
1 τ = T(f{m}),
a(τ1) · a(τ2) . . . a(τk) τ = T(f{m})[τ1,τ2,...τk],
0 %(τ) 6= T(f{m}).
Proof. Similar to [60, Corollary 2].
Lemma 4.2 (Application of a matrix to a B-series). The application of a matrix to a B-series is another
B-series,
hL{m}(B(a, y)) = B(c, y),
whose coefficients are formally denoted c = L{m} a and are computed as follows:
(L{m}a)(τ) =
{
a(τ1) τ = T(L{m} y)[τ1],
0 otherwise.
Proof. Observe that multiplying by L{m} from the left will shift the coefficients from a tree τ to a tree
T(L{m})[τ ]. Also refer to [9, 31].
Lemma 4.3 (Application of a matrix function to a B-series). Let φ be an analytical function with a power
series expansion:
φ(z) =
∞∑
i=0
ci z
i.
The application of the analytical matrix function to a B-series is another B-series,
φ(hL{m})(B(a, y)) = B(c, y),
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whose coefficients are formally denoted c = φ(hL{m}) a and are computed as follows:
(φ(hL{m})a)(τ) =
{∑
i≥0 ci · a(τmi) τmi = R{i}L{m}(τ),
0 %(τ) 6= T(L{m}),
where τmi is the tree obtained by removing m times T(L{m}y) from the root position of τ . The coefficients,
ci, come from the power series expansion of the matrix function φ. For instance, if φ = ϕk, then the
coefficient ci =
1
(k + i)!
. The summation is only over those trees τmi where the R
{i}
L{m} function is defined.
Proof. By applying 4.2, and using the linearity of B-series and the theory from [8, §4].
4.4. B-series of the numerical solution
B-series of the numerical solution can be obtained by starting with the B-series expansion for the true
solution at the current time instant, yn, and stepping through an algorithmic procedure that mimics the
numerical method for which the B-series is being constructed. Earlier works [56, 73] by the authors demon-
strate this procedure. In Algorithm 1 we show how this is done for PEPIRKW. Similarly, we derive the
B-series of the numerical solution for each of the other methods discussed.
Remark 4.3. We truncate each of the B-series and its operations up to the order of the method that
we are interested in building. In this work, we only consider truncated operations for up to order three
corresponding. The corresponding TPS-trees are shown in Tables F1–F11 of Appendix F.
Remark 4.4. The B-series coefficient of the true solution at the current time instant, yn, has zeros in front
of each TPS-tree, and a one in front of the empty tree, ∅.
4.5. Order conditions for partitioned exponential methods
Order conditions are constructed for each method by equating the coefficients of the B-series expansion
yn+1 of the numerical solution yn+1 to thoset of the exact solution y(tn + h) up to the desired order of
accuracy.
Theorem 4.4 (Order conditions). A partitioned exponential method of W type has order p only if it satisfies
the conditions:
yn+1(τ) = 1/γw(τ) ∀τ ∈ TPS-trees with |τ | ≤ p.
A partitioned exponential method of split-RHS type has order p only if it satisfies the conditions:
yn+1(τ) = 1/γs(τ) ∀τ ∈ TPS-trees with |τ | ≤ p.
The order conditions for a three-stage formulation of each type of method discussed herein are given in
Appendix E.
Remark 4.5. A discussion of closely related B-series concepts can be found in [8, 9, 60, 70].
5. Construction of Third Order Schemes
We build three-stage third-order PEXPW and PEPIRKW methods, whose formulations were discussed
in Sections 3.2 and 3.3, respectively. PEPIRKW methods with three stages of higher than third-order
cannot be constructed, as the corresponding unpartitioned methods EPIRKW [56, Sec. 3.2], themselves
cannot achieve it.
Construction of methods from the two families begins with first formulating the algebraic equations
corresponding to order conditions of Theorem 4.4. This is done automatically using Mathematica and
running the Algorithm 1 for PEPIRKW methods, and its exponential-Rosenbrock counterpart for PEXPW
methods, to compute the B-series coefficients of the numerical solutions, and then equating them to the
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Algorithm 1 Computation of the B-series of PEPIRKW numerical solution
1: Input: yn . B-series coefficient of the current numerical solution.
2: for i = 1 : max[s{.}]− 1 do . Stage Index: Do for the largest number of stages
3: for q = 1 : P do . Partition Index: For each stage and partition do the following
4: u = 0
5: for m = 1 : P do
6: v = B#(h f{m}(B(yn, y))) . Composition of f with B-series of the current solution.
7: v = B#(ψ
{q,m}
i,1 (h g
{q,m}
i,1 W
{m}) · B(v, y)) . Multiplication by ψ function
8: u = u + a
{q,m}
i,1 ∗ v . Scaling by a constant and add
9: end for
10: for m = 1 : P do
11: for j = 2 : i{m}Y do
12: v = B#(h∆
(j−1)
Y {q} f
{m}(yn)) . Recursive forward-difference
13: v = B#(ψ
{q,m}
i,j (h g
{q,m}
i,j W
{m}) · B(v, y))
14: u = u + a
{q,m}
i,j ∗ v
15: end for
16: end for
17: Y
{q}
i = yn + u . Addition of two B-series
18: end for
19: end for
20: u = 0
21: for m = 1 : P do
22: v = B#(h f{m}(B(yn, y)))
23: v = B#(ψ
{m,m}
s{m},1(h g
{m,m}
s{m},1 W
{m}) · B(v, y))
24: u = u + b
{m}
1 ∗ v
25: end for
26: for m = 1 : P do
27: for j = 2 : s{m} do
28: v = B#(h∆
(j−1)
Y {m}f
{m}(yn))
29: v = B#(ψ
{m,m}
s{m},j (h g
{m,m}
s{m},j W
{m}) · B(v, y))
30: u = u + b
{m}
j ∗ v
31: end for
32: end for
33: yn+1 = yn + u
34: Output: yn+1 . B-series coefficient of the next step numerical solution.
B-series coefficients of the exact solution. Next, we use Mathematica to solve the nonlinear equations for
numerical values of the method coefficients.
Third-order coefficients for two PEXPW methods with second-order embedded schemes are given in
Appendix B as Method 1 and 2, respectively. Although one can obtain third-order methods with three
stages in each partition, we increased the stage count of the second partition to four as it was not possible
to build an embedded method without increasing the degrees of freedom. Also notice that the coupling
between the stages in the two methods happens via the u{j}i stages.
The coefficients of two third order PEPIRKW methods are given in Appendix C as Method 3 and
Method 4, respectively. Each of the methods has an embedded second order scheme for error estimation
and step size control.
Finally, coefficients of a third order partitioned sEPIRK methods based on averaging are given in Ap-
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pendix D as Method 5. While of theoretical interest, methods of this type perform poorly in practice for
stiff systems, and we will not pursue them further.
6. Implementation Considerations
Computing the action of matrix-exponential like functions on vectors constitutes the bulk of the com-
putational cost of exponential time integrators [60, 70]. In the case of large systems of ODEs that arise
naturally from the semi-discretization of PDEs, Krylov-subspace based methods are the de-facto choice
for efficiently computing these products [33, 58, 64]. To evaluate ϕ(hγA)b or Ψ(hγA)b, an M -dimensional
Krylov-subspace, KM = span{b, Ab, . . . , AM−1b}, is built using Arnoldi/Lanczos iterations. The by-product
of Arnoldi/Lanczos is an orthonormal matrix, VM , which spans the Krylov-subspace, KM , and an upper Hes-
senberg/tridiagonal matrix, HM . Then, ϕk(hγA)b can be approximated as ϕk(hγA)b ≈ ‖b‖VMϕk(hγHM )e1
[56, 64, 73].
The Ψ matrix-vector products can be obtained by computing the individual ϕ products and taking a linear
combination of them. We, alternatively, follow the ‘Expokit’ strategy [64] of constructing an augmented
matrix around HM , and exponentiating it to get approximations of ϕk(hγHM )e1 products for a range of k
values as columns of the resultant matrix. Multiplying the columns of this matrix by VM , rescaling by ‖b‖,
and taking linear combinations using pj,k coefficients as weights (6) yields an approximation for Ψ(hγA)b.
We briefly discuss a number of factors that we have taken into consideration in the computation of these
matrix-exponential like functions.
Adaptivity in Arnoldi/Lanczos iterations. We build the Krylov-subspace adaptively by bounding the error
between the quantity ϕ1(hγA)v and its approximation using the computed Krylov-subspace, VMϕ1(hγHM )e1,
i.e., sM = ϕ1(hγA)v − VMϕ1(hγHM )e1 (see [61]). The size of the Krylov-subspace, M , is chosen so that
the error, sM , is under a certain tolerance. Since higher order ϕk functions must converge faster than ϕ1,
because the weights in the denominator of the series expansion of ϕk become progressively larger, according
to equation (5), with increase in order k, we use the same subspace as obtained from bounding the error
sM to approximate ϕk(hγA)v. When a Ψ function product needs to be computed, we build the Krylov-
subspace by bounding sM and use the resultant upper-Hessenberg/tridiagonal matrix, HM , to construct an
augmented matrix in line with Sidje’s ‘Expokit’ strategy [64] and evaluate all the ϕk products at once.
The dimensionM of the Krylov-subspace is chosen by ensuring that the error, sM , is below 10−12 for fixed
timestep experiments, and the solution tolerance for adaptive timestep experiments. Since computing the
error, sM , involves a matrix-exponential operation, we only compute it at certain pre-determined indices (of
which the first sixteen are [1, 2, 3, 4, 6, 8, 11, 15, 20, 27, 36, 46, 57, 70, 85, 100]) such that the cost of computing
the error equals the cost of all previous computations in the same projection [34, Section 6.4].
We can speedup the adaptive Arnoldi/Lanczos process by passing in the size of the Krylov-subspace
from the previous timestep and using this information to reduce the total number of error computations
per projection. We compute the errors only from the index that just precedes the subspace size passed in
from the previous timestep allowing us to shrink the subspace size if needed while simultaneously keeping
the total number of computations low. Initial experiments reveal that a ∼ 20% cost savings in overall
time-integration process is possible. We can extend this idea to subsequent projections between stages or
within one stage of the same timestep.
Minimizing the g coefficients. The g coefficients that scale the matrix argument of Ψ in the EPIRK family
of methods has to be chosen as small as possible for efficiency reasons [60, 70]. To this end, we optimized the
undetermined g coefficients after obtaining a family of solutions for the PEPIRKW3 methods (both A and
B). We did not optimize all the coefficients of PEXPW3 methods as the order conditions were significantly
harder to solve with γ values not assumed.
Computational optimizations for reaction-diffusion systems. The computation of matrix-exponential-like
functions can be further optimized for reaction-diffusion PDE systems. Let J be the full-Jacobian; JD, the
Jacobian of the diffusion part; JR, the Jacobian of the reaction part; JPR, the Jacobian of the reaction part
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with the variables permuted to give the reaction Jacobian a block diagonal structure. For a two species
reaction-diffusion system, with the state variables ordered first by grid location and second by species, the
structure of the Jacobians is pictured in Figure 1. The permuted Jacobian JPR, where state variables are are
ordered first by species and second by locations, has a block diagonal structure.
1
(a) Diffusion Jacobian (JD)
1
(b) Reaction Jacobian (JR)
1
(c) Diffusion + Reaction Jacobian (J)
1
(d) Permuted Reaction Jacobian (JPR)
Figure 1: Structure of the Jacobians of the different operators in a two-species reaction-diffusion system. Note that the each
of the blocks of the diffusion Jacobian has (an almost) sparse diagonal structure with the number of diagonals dependent on
the spatial discretization.
We can then approximate the Jacobian of reaction-diffusion systems by choosing from any of the four
components in Figure 1. There are benefits to choosing approximations which have a block diagonal structure
– i) evaluating matrix functions on them will not result in fill-ins, ii) blocks can be separated into groups,
with each group having one or more blocks, and the matrix functions can be computed on groups in parallel.
These properties do not hols when the matrix functions are applied to the full Jacobian.
For partitioned-exponential methods, we partition the right-hand side into the diffusion part and all of
the rest, which may include forcing terms along with the reaction part. We use the Jacobian of each part
as the argument of ϕ and Ψ functions for split and W-methods in their respective partitions. Later, we
demonstrate using numerical experiments that there are computational advantages to such a partitioning.
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Reordered Jacobians. Renumbering the variables via a permutation matrix P changes the Jacobian (here,
the reaction Jacobian) as follows:
JPR = P
T JR P. (11)
In many applications it is computationally convenient to evaluate ϕ and Ψ functions on a component
Jacobian using one ordering of variables, and to evaluate them on another component Jacobian using a
different ordering. For example, for reaction diffusion systems, the matrix functions work efficiently on the
permuted reaction Jacobian JPR, but on the diffusion Jacobian JD with the original ordering. The following
lemma provides an elegant way to accommodate different permutations.
Lemma 6.1. The result of applying the matrix functions ϕk to the original Jacobian can be obtained by
applying the function to the permuted Jacobian, and permuting back the rows and columns of the result:
ϕk(hγJR) = Pϕk(hγJ
P
R)P
T , ∀k ≥ 0.
Proof. We know that P is a permutation matrix. Therefore, PPT = PTP = I. We also know that the ϕk
function has a power series expansion:
ϕk(z) =
∞∑
l=0
zl
(k + l)!
.
Since JPR = P
TJRP , pre- and post-multiplying by P and PT respectively, we get JR = PJPRP
T . Plugging in
the expression for JR in the power series expansion of ϕk(hγJR) and using the fact that PPT = PTP = I,
we get the desired result.
Corollary 6.1.1. The same permute, evaluate, and permute back sequence of operations holds for the Ψ
functions: Ψ(hγJR) = PΨ(hγJPR)P
T
Proof. Result follows from Lemma 6.1 and noting that Ψ functions are linear combinations of ϕk functions.
To avoid repeated multiplications by permutation matrices and their transposes, one constructs the
permuted reaction Jacobian JPR directly. To compute the action of ϕk(hγJR) or Ψ(hγJR) on a vector v,
one only permutes vectors, which is significantly more efficient than permuting both the rows and columns
of matrices:
ϕk(hγJR)v = P ·
(
ϕk(hγ J
P
R︸︷︷︸
Computed directly
) · (PT v)︸ ︷︷ ︸
Permute vector
)
︸ ︷︷ ︸
Permute back to the desired ordering of variables.
(12)
Benefits of using block diagonal Jacobians. Recall that we use Krylov-subspaces to compute matrix-exponential
like functions. The benefit of using block diagonal structures is the savings resulting from computing sub-
spaces of smaller blocks compared to the full Jacobian matrix. For instance, computing an M dimensional
subspace for a matrix of size N requires ∼MN2 +M2N +MN operations. If the matrix is block diagonal
with two blocks, = computing an M -dimensional subspace on two blocks of size N/2 using the Arnoldi
process requires ∼ M · N22 +M2N +MN operations. When M  N this is about half the computational
cost of using the unstructured matrix. Moreover, if one uses an adaptive Arnoldi process like we do in this
work, additional savings are obtained when one block converges to the desired tolerance faster than the
other (meaning that fewer vectors are needed in the subspace for one block when compared to the other
block). Computing matrix-exponential like functions on individual blocks can be performed in parallel.
In our numerical tests, we experimented with parallelism of block based matrix-exponential operations
on the diffusion matrix alone. We saw noticeable improvements in performance as discussed later in the
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numerical results. Serial implementation of matrix-exponential operations on the rearranged reaction Ja-
cobian turned out to be slightly more expensive than for the original reaction Jacobian due to the two
additional vector permutations (data movement is expensive). We did not experiment with parallelism on
the rearranged reaction Jacobian, but significant benefits are possible for large reaction-diffusion systems
with many chemical species.
7. Numerical Experiments
7.1. Test problems
Lorenz-96. The dynamical system described by the system of equations,
dyj
dt
= −yj−1(yj−2 − yj+1)− yj + F, j = 1 . . . N, y0 = yN , (13)
was introduced by Edward Lorenz in [45]. It describes the evolution of an arbitrary component of the
atmosphere at N equally spaced points along a latitudinal circle. In our fixed-step experiment, we take
N = 40 and f = 8. The initial condition, y0, is obtained by integrating a random initialization of the state
vector from 0 to 0.3 time units.
1-D Semi-linear Parabolic Problem. The semilinear parabolic PDE [47, Example 6.1]
∂y
∂t
=
∂2y
∂x2
+
1
1 + y2
+ Φ(x, t), (x, t) ∈ [0, 1]× [0, 1], (14)
is solved numerically for y(x, t) assuming homogenous Dirichlet boundary conditions. Φ(x, t) is chosen such
that the true solution of equation (14) is y(x, t) = x(1 − x)et. The PDE is discretized in space using
second-order finite differences over 500 equidistant grid points.
Allen-Cahn. The Allen-Cahn reaction-diffusion PDE [2]
∂u
∂t
= α ·∆u+ γ · (u− u3), (x, y) ∈ [0, 1]2, t ∈ [0, 0.5], (15)
describes the process of phase separation. We numerically solve a two dimensional version of the PDE
semi-discretized using standard second-order finite differences with selected diffusion coefficient α, and re-
action coefficient γ. The boundary conditions were assumed to be periodic. Initial conditions were set to
u0(x, y, 0) = 0.4 + 0.1 (x+ y) + 0.1 sin(10x) sin(20y). The ODE system obtained after semi-discretization is
stiff and integrated in time using our methods.
Reversible Gray-Scott. The following system of PDEs [50]:
∂U
∂t
= DU∇2U − k1UV 2 + f(1− U) + k−1V 3,
∂V
∂t
= DV∇2V + k1UV 2 − (f + k2)V − k−1V 3 + k−2P,
∂P
∂t
= DP∇2P − k−2P − fP,
(16)
extends the traditional Gray-Scott model [59] by making the reactions reversible. U , V and P are the
concentrations of the reactants, and DU , DV and DP are the corresponding diffusion coefficients. f is the
rate of flow, k1 and k2 are the rate constants of the forward reactions and k−1 and k−2 the rate constants
of the backward reactions. We discretize the PDE system in space using second-order finite differences over
a grid of size 100× 100. The parameter settings for the experiment are DU = 2, DV = 1, DP = 0.1, k1 = 1,
k2 = 0.055, k−1 = 0.001, k−2 = 0.001, f = 0.028. The initial conditions are (U, V, P ) = (1, 0, 0) with a small
square region perturbed as (U, V, P ) = (0.5, 0.25, 0) + 10% random noise [51]. The boundary conditions are
assumed to be periodic and the interval of integration is [0, 5].
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7.2. Tested schemes
We perform fixed and adaptive time-stepping experiments with the methods derived in this paper. We
selected a set of third-order exponential methods, similar to those derived herein, from the literature to
provide performance benchmarks:
a. sEPIRK3, a third-order split EPIRK method introduced and studied in [60];
b. EPIRK3s3, a third-order non-split EPIRK method which shares the coefficients with sEPIRK3 [60];
c. EPIRKW3 and EPIRKW3c, two third-order W-methods of EPIRK type that the authors introduced
in [56], with W = J;
d. EPIRKW3-D, same as EPIRKW3 but W = JD;
e. EPIRKW3-R, same as EPIRKW3 but W = JR;
Since the original publication does not provide embedded coefficients for sEPIRK (and EPIRK3s3) methods
[60], we use sEPIRK (and EPIRK3s3) primarily in fixed timestep experiments. The partitioned sEPIRK
methods based on averaging (PSEPIRK) perform poorly in practice for stiff systems, and are not included
in the numerical tests.
The convergence orders for select methods are summarized in Table 3. Table 4 details the partitioning
used for the right-hand side function of each problem, and their corresponding Jacobians.
7.3. Fixed timestep experiments
For fixed timestep experiments, we ran the integrators on a set of test problems for a range of fixed step
sizes as shown below for each problem:
• Lorenz-96, h ∈ {0.06, 0.03, . . . , 9.375× 10−4},
• 1-D Semi-linear Parabolic Problem, h ∈ {1.6× 10−2, 0.8× 10−2, . . . , 1.5625× 10−5},
• Allen-Cahn, 150× 150 grid, h ∈ {1.28× 10−1, 0.64× 10−2, . . . , 1.5625× 10−5}.
The problem setup and the findings for each problem are discussed below.
Lorenz-96 results. The ODE system (13) is partitioned for the new methods into f{1}(y) = AN×N y, where
AN×N is a random matrix, and f{2}(y) = F (y)−AN×N y, where F (y) is the right-hand side of the original
ODE system. Component Jacobians are approximated by the diagonal of the Jacobian of the corresponding
part. We integrate equation (13) with each method by taking fixed timesteps over the time-span [0, 0.3] time
units and compute the relative error against a reference solution obtained by integrating the ODE for the
same settings using ode45, with absolute and relative tolerance set to 10−12. Results are shown in Figure
2. All integrators show their theoretical orders of convergence (see Table 3).
1-D Semi-linear Parabolic Problem results. We integrate the resulting stiff ODE system (14) with each
method by taking fixed timesteps and plot the relative error computed against a reference solution ob-
tained using ode15s with absolute and relative tolerance set to 10−12. The convergence plot is shown in
Figure 3. PEPIRKW methods fail to solve the problem. PEXPW methods show order reduction (Table
3). Unpartitioned, non-split methods which include EPIRKW3, EPIRK3s3 and EPIRKW3-D converge to
highly-accurate solutions for small timesteps.
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Fixed Timestep Experiments
Experiment pexpw3A pexpw3B epirkw3s3 sepirk3 expirkw3
Lorenz-96 2.99 2.99 3.03 2.99 3.00
Semilinear Parabolic 1.31 1.32 2.69 3.33 2.89
Allen-Cahn, 150x150
Grid
1.77 1.88 – 5.45 3.05
Adaptive Timestep Experiments
Experiment pexpw3A pexpw3B expirkw3 expirkw3-D
Allen-Cahn, 300x300
Grid (I)
2.05 1.60 2.43 -
Allen-Cahn, 300x300
Grid (II)
4.01 4.79 2.08 3.33
Experiment pexpw3A pexpw3A-RD expirkw3 expirkw3c
Reversible Gray-Scott,
100x100 Grid
2.99 3.34 1.80 3.01
Table 3: Experimental convergence orders of select methods computed using (at least) four consecutive points lying along
a straight line. Partitioned EPIRK methods only gave a solution to the Lorenz-96 problem and they converged as follows:
pepirkw3A (3.00), pepirkw3B (2.98).
Figure 2: Fixed timestep experiment on the Lorenz-96 system (13). All methods show full convergence order.
Allen-Cahn results. We numerically solve a two dimensional version of the PDE (15), semi-discretized using
standard second-order finite differences on a 150 × 150 grid, with the diffusion coefficient α = 1, and the
reaction coefficient γ = 10. The ODE system obtained after semi-discretization is integrated in time from
t = 0 to t = 0.5 time units with fixed timesteps. Figure 4 shows the work-precision and convergence diagrams
where ‘Error’ is computed as the relative error in 2-norm against a reference solution obtained using ode15s
with absolute and relative tolerance set to 10−12.
The empirical convergence orders for some select methods is given in Table 3. In the asymptotic region,
partitioned-exponential methods have order ≈ 1.7. EPIRKW3 methods show order = 3 for timesteps smaller
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Figure 3: Fixed timestep experiment on 1-D Semi-linear Parabolic Problem (14). PEPIRKW methods did not produce a
solution, PEXPW methods show order ≈ 1.3. Convergence order of other methods are shown in Table 3.
than 1e-3. EPIRK3s3 converges to a highly-accurate solution for smaller timesteps than other methods,
but its cost per timestep is higher than partitioned-exponential methods. Overall, partitioned-exponential
methods obtain solutions with a higher accuracy for a given CPU time than both split and non-split EPIRK
and EPIRKW methods.
7.4. Adaptive timestep experiments
We perform adaptive timestep experiments for a range of solution tolerances between 10−1 to 10−10,
using the MATLODE [4] framework. Reference solutions are computed using ode15s with absolute and relative
tolerance set to 10−12. The error controller is the same across all methods and is based on the discussion in
[29, Section II.4].
Allen-Cahn results on a 300×300 grid. This time we discretize the Allen-Cahn system in space using second-
order finite differences along 300 grid points in each dimension. Each experiment deals with progressively
stiffer reaction terms. The stiffness of the reaction term of Allen-Cahn increases with the value of γ. The
results reported in Figures 5, 6 and 7 correspond to the following parameter settings:
I. Figure 5: α = 1, γ = 10,
II. Figure 6: α = 1, γ = 100, and
III. Figure 7: α = 1, γ = 1000.
The numerical results lead to the following conclusions.
• Partitioned-exponential methods can be more stable than unpartitoned methods for some stiffness
regimes. For parameter settings I and II, the partitioned-exponential method, PEXPW3A, needs
fewer timesteps than the unpartitioned EPIRKW3 method, indicating that it is more stable than the
unpartitoned method. However, as the stiffness of the reaction term is increased further (parameter
setting III), partitioned-exponential methods are no longer able to solve the problem (see Figure 7).
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Figure 4: Fixed timestep experiment on 2-D Allen-Cahn Problem (15) on 150×150 grid. PEXPW methods show order ≈ 1.7,
PEPIRKW methods did not produce a solution, EPIRKW3 shows order ≈ 3.
• Unpartitioned methods may need the full Jacobian or a very close approximation of it when both parti-
tions are stiff, making them not very amenable to computational optimizations. It is clear from Figures
5, 6 and 7 that as the stiffness of the reaction term is increased, the unpartitioned method EPIRKW3-D
gets more expensive and less stable in comparison to the unpartitioned method EPIRKW3. While this
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is expected, it indicates that unpartitioned methods may require the full Jacobian to perform well. Us-
ing the full Jacobian makes the unpartitioned methods unable to take advantage of the computational
optimizations discussed in Section 6.
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Figure 5: Adaptive timestep experiments using Allen-Cahn (15), 300× 300 grid (I). α = 1, γ = 10
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Figure 6: Adaptive timestep experiments using Allen-Cahn (15), 300× 300 grid (II). α = 1, γ = 100
Reversible Gray-Scott results. Figure 8 shows the work-precision and the convergence diagrams for numer-
ical experiments with the reversible Gray-Scott system (16). We compare PEXPW3A, EPIRKW3 and a
modified implementation of PEXPW3A, PEXPW3A-RD, for reaction-diffusion systems. The modified im-
plementation PEXPW3A-RD evaluates the ϕ functions on the diffusion Jacobian in parallel using MATLAB
parallel pool, while it does not explicitly parallelize the evaluation of ϕ functions on the reaction Jacobian.
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Figure 7: Adaptive timestep experiments using Allen-Cahn (15), 300× 300 grid (III). α = 1, γ = 1000
As is clear from the figure, PEXP3WA is more stable and efficient than the unpartitioned EPIRKW3 method
on this test problem. We even test a variant of EPIRKW3 with a different set of coefficients, EPIRKW3c
and find that it performs similarly to EPIRKW3.
Furthermore, by partitioning the problem and dealing with the individual partitions separately, we have
more room to implement computational optimizations discussed in Section 6 in the implementation. While
PEXPW3A and PEXPW3A-RD both take the same number of steps, since PEXPW3A-RD parallelizes the
computation of ϕ functions on the diffusion matrices, it is twice as fast as PEXPW3A in obtaining the
solution.
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Figure 8: Adaptive timestep experiments using Reversible Gray-Scott (16) on 100 × 100 grid. DU = 2, DV = 1, DP = 0.1,
k1 = 1, k2 = 0.055, k−1 = 0.001, k−2 = 0.001, f = 0.028
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8. Conclusions
Exponential methods developed over the last couple of decades have shown great promise as an alternative
to traditional implicit or explicit time discretizations. They can be cheaper than implicit methods, and more
stable than explicit methods.
This work builds partitioned exponential methods for multiphysics systems driven by two simultaneous
processes. The new family solves each component process by an exponential integrator, and information
between components is exchanged using coupling terms. We consider two approaches to the construction
and analysis of these methods, one based on splitting the component functions into linear and nonlinear
terms (split-RHS methods), and the other based on approximating the Jacobians of individual components
(W-type methods). Two new formulations of partitioned exponential methods are proposed: PEXPW that
generalizes exponential-Rosenbrock schemes, and PEPIRKW that generalizes EPIRK schemes. A third
family, PSEPIRK, obtained by averaging two unpartitioned sEPIRK methods, is discussed; this family is
only of theoretical interest (from the point of view of order conditions).
In the implementation of the proposed partitioned methods the matrix-exponential-like functions, which
are an integral part of exponential integrators, are evaluated on the Jacobians of the individual component
functions, whereas these functions are applied to the full (coupled) Jacobian in an unpartitioned method.
If the individual Jacobians have computationally favorable structures, as it is often the case, then the
computational expense of evaluating matrix-exponential-like functions, which constitute the bulk of the
computational cost of exponential time integrators, is greatly reduced. For instance, in reaction-diffusion
systems with two or more species, the diffusion Jacobian is block-diagonal, which enables the evaluation
of matrix-exponential-like functions on individual blocks in parallel. Our numerical experiments show that
this strategy can lead to partitioned exponential methods that are at least twice as fast as the unpartitioned
counterpart.
Partitioned exponential methods share with all splitting methods the drawback of a possibly reduced
stability. Roughly speaking, while individual components are treated implicitly (exponentially), the cou-
pling/interaction between components is treated explicitly. Thus the partitioned exponential methods can
be valuable when the two components are stiff, but interact weakly with each other. Our numerical tests
illustrate that the partitioned methods can exhibit more stable behavior than an unpartitioned method in
some stiffness regimes; however, in some very stiff regimes, partitioned methods can fail to obtain a solution,
and in such cases unpartitioned methods should be the solver of choice.
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Appendix A. Partitioned sEPIRK method using the averaging (AVG) strategy
In order to build higher-order sEPIRK-style partitioned exponential methods we resort to an averaging
(AVG) strategy. For a two-way partition system, one starts with two independent methods derived from
the variation-of-constants formula using L{1}y and L{2}y as the linear parts, respectively. The internal and
final stages of the two methods are then averaged to build a partitioned method with unified stages. The
forward difference operator in the resultant method will be computed on the nodes corresponding to the
unified stage values. By choosing the abscissae of the methods to be the same, we can avoid interpolation,
and ensure we are averaging solutions at the same time instant.
Consider the two sEPIRK methods with the same number of internal stages s, obtained by linearizing
one component function at a time and applying the variation-of-constants formula; the two methods are
presented in Formulation 7.
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Formulation 7: Pair of sEPIRK methods obtained by linearizing one partition at a time
Averaging the stages and solutions of Formulation 7 leads to a new partitioned method constructed
using the AVG strategy. This method, named PSEPIRK, is shown in Formulation 8. As already stated,
we propose that the forward differences in the new method be evaluated on nodes corresponding to unified
stage values in both the internal and final stages, i.e., while forward differences in the individual methods
may be evaluated on their respective internal stage values (Y {1}i and Y
{2}
i ), the forward differences in the
new method will be evaluated on the unified stage values, Yi. Additionally, we redefine the coefficients in the
new method by absorbing the factor 1/2 that arises from averaging into the coefficients of both the internal
and final stages. By using the AVG strategy we end up with an ARK-type method, PSEPIRK.
Order conditions for these methods are given in Appendix E and a three-stage third order method
with second order embedded coefficients is given in Appendix D. We optimized all the dependent and free
coefficients together to ensure that the total norm of the coefficients was minimized while satisfying the
family of solutions.
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Formulation 8: Partitioned sEPIRK Method using AVG strategy (PSEPIRK).
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Appendix B. Coefficients of PEXPW methods
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Method 1: PEXPW3A
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 , A12 =

0 0 0 0
3
5
0 0 0
−3
16
15
16
0 0
 ,
A21 =

0 0 0
3
5
0 0
−3
16
15
16
0
−585085197405257155
5850851974052571549
43366528009330
427723327089183
−1053841879023
758593604509024

,
A22 =

0 0 0 0
3
5
0 0 0
−3
16
15
16
0 0
−585085197405255655
5850851974052556549
43366528009330
427723327089183
−1053841879023
758593604509024
0

,
Γ =
Γ11 Γ12
Γ21 Γ22
 , Γ11 =

1
2
0 0
−13
40
1
4
0
41
128
−35
128
1
8

, Γ12 =

0 0 0 0
0 0 0 0
0 0 0 0
 , Γ21 =

0 0 0
0 0 0
0 0 0
0 0 0

,
Γ22 =

1
2
0 0 0
−13
40
1
4
0 0
41
128
−35
128
1
8
0
453997163230835
1888765099013658
10712927379274692077
107129273792746920771
−50318234718508
450119202957889
27578927469602
214573628157185

,
B =

13
54
25
54
8
27
13
54
25
54
8
27
0
 ,
Bˆ =

13
54
25
54
8
27
394666706615539
2855725684770978
1593057894075513
3349172373578051
710565068458329
2483269664122598
5579714013352107563
55797140133521075631
 .
Method 2: PEXPW3B
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Appendix C. Coefficients of PEPIRKW methods
A11 =

384698802731415
732954717965959
0 0
86900344752350
782996529802607
−1290995154124009
1125899906842624
0
0 0 0
 , A12 =

1308802083206411
1802490994635684
0 0
181973173307195
1185191484486649
85517148542779
140737488355328
0
0 0 0
 ,
A21 =

3376488081352679
1125899906842624
0 0
7852649840694044
5142942142830233
−255468831577525
281474976710656
0
0 0 0
 , A22 =

−1178581638230180
708989154602503
0 0
−592189461741313
699683190104610
192719849273253
1002076828240778
0
0 0 0
 ,
G11 =

26247429480193
262422761860576
0 0
32143317506155
35184372088832
0 0
0
1348311543872663
1364836015790118
92190312154129
921898236164552
 , G12 =

1
10
0 0
759199292635708
831189746434181
0 0
0 0 0
 ,
G21 =

271081511832791
1174861778234772
0 0
65827483757729
658273663099802
0 0
0 0 0
 , G22 =

284258093019161
1231971012096649
0 0
1
10
0 0
0
161273153878169
1283657187034574
362370887966460
3621456965533381
 ,
P11 =

5112657859244401
4415366853702537
0 0
1556016340770457
778018143010629
−2334014538530285
778018143010629
0
1
4
−597258170789906
606647864139875
2976901160599561
1213295728279750
 , P12 =

503954688828081
602100151833871
0 0
−59255671657028
515562676747137
−85808855066
872226245616727
0
0 0 0
 ,
P21 =

156595445098579
94168099003454
0 0
258094322068247
1007441249071576
−383247047664253
170244621120702
0
0 0 0
 , P22 =

−1534320118877363
511440714965161
0 0
16785557
33554432
−8341
16777216
0
1
2
−33636427
33554432
33800417
33554432
 ,
B =

3988623869824611
4618522050671365
−82456890342171
1256553314618774
−2450063497974094
853681363979605
−358704648619713
1076112524888738
567949880545177
459207437379264
2488203739014363
1193224413242756
 ,
Bˆ =

4415366853702537
5112657859244401
310015440583298728131
19693988598490282787
103935110135357210301
4395806354850409286
−511440714965161
1534320118877363
113640340670192065216
128315868985799371345
236807109836658517948
171771076876346028243
 ,
A =
A11 A12
A21 A22
 , G =
G11 G12
G21 G22
 , P =
P11 P12
P21 P22
 .
Method 3: PEPIRKW3A
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A11 =

−2
3
0 0
−2
3
643210555
321605294
0
0 0 0
 , A12 =

−77257927
231736567
0 0
−77257927
231736567
221995883
556342956
0
0 0 0
 ,
A21 =

46177625
138532819
0 0
46177625
138532819
−276294928
448265855
1
0 0 0
 , A22 =

2
3
0 0
2
3
−2097151
1048576
1
0 0 0
 ,
G11 =

15905698
118882405
0 0
47844971
181848383
0 0
0
263476
712854121
5873
47718781
 , G12 =

7866
337976873
0 0
11957
261254373
0 0
0.1 0.1 0.1
 ,
G21 =

151156669
742595986
0 0
111733984
275857671
0 0
0.1 0.1 0.1
 , G22 =

0 0 0
0 0 0
0
57491
77959816
2442
336507713
 ,
P11 =

−1 0 0
−90974766
422643103
15713557
145038387
0
139909573
248730863
−355468325
226721754
−279447475
279556943
 , P12 =

−534076380
267081073
0 0
−306646172
379808307
−1391
610013106
0
1 1 1
 ,
P21 =

291908440
145954279
0 0
341330517
637547050
−10114
98573483
0
1 1 1
 , P22 =

1 0 0
21675617
200502754
27071061
237997009
0
429818508
221501921
813095776
411099863
−541652055
542849144
 ,
B =

−1 36471146
225920009
92167149
46087892
1
−15699629
337585791
−69127796
252097195
 , Bˆ =

−1 1 49043754
20888203
1 1
−25364743
119799726
 ,
A =
A11 A12
A21 A22
 , G =
G11 G12
G21 G22
 , P =
P11 P12
P21 P22
 .
Method 4: PEPIRKW3B
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Appendix D. Coefficients of partitioned sEPIRK methods based on averaging
A1 =

−406771190822767
1269704574921366
0 0
1141343580746374
2770232365403325
−270901875227597
1180295506525702
0
0 0 0
 , A2 =

−406771190822767
1269704574921366
0 0
1141343580746374
2770232365403325
−270901875227597
1180295506525702
0
0 0 0
 ,
G1 =

128087174255567
419295332948579
0 0
2
3
1
3
0
1
1
10
360563110168627
1057763542537753
 , G2 =

128087174255567
419295332948579
0 0
2
3
1
3
0
1
1
10
360563110168627
1057763542537753
 ,
P1 =

1280186143788623
1582320951434920
0 0
542606543994981
727846286011843
334677002077769
888394725117090
0
1537951833313021
2936537612285079
174454083236061
758739097109116
93287345944837
1308035706514201
 , P2 =

1280186143788623
1582320951434920
0 0
542606543994981
727846286011843
334677002077769
888394725117090
0
1537951833313021
2936537612285079
174454083236061
758739097109116
93287345944837
1308035706514201
 ,
B =

791160475717460
1280186143788623
411329415142993
512163583980334
1410289361848454
2446680005682115
791160475717460
1280186143788623
411329415142993
512163583980334
1410289361848454
2446680005682115
 , Bˆ =

427455192538559
562171059204137
382776428251149
390415271373872
376136126102442
532899712497139
318902647845412
670465682883183
1144042149029406
1168515417076291
382460571524017
636059012992202
 ,
A =
[
A1 A2
]
, G =
[
G1 G2
]
, P =
[
P1 P2
]
.
Method 5: PSEPIRKB
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Appendix E. Order conditions for three-stage methods
Appendix E.1. PEXPW Order Conditions
Table E.5: Order conditions for the three stage PEXPW method
Tree Order B#(yn+1) B#(y(tn + h))
τTPS1 1 b
{1}
1 + b
{1}
2 + b
{1}
3 1
τTPS3 1 b
{2}
1 + b
{2}
2 + b
{2}
3 + b
{2}
4 1
τTPS5 2 a
{1,1}
2,1 b
{1}
2 + b
{1}
3 (a
{1,1}
3,1 + a
{1,1}
3,2 )
1
2
τTPS7 2 a
{1,2}
2,1 b
{1}
2 + b
{1}
3 (a
{1,2}
3,1 + a
{1,2}
3,2 )
1
2
τTPS9 2
b
{1}
1 g
{1,1}
1,1
2
+ b
{1}
2
(
g
{1,1}
2,1 +
g
{1,1}
2,2
2
)
+ b
{1}
3
(
g
{1,1}
3,1 + g
{1,1}
3,2 +
g
{1,1}
3,3
2
) 0
τTPS11 2 b
{1}
2 g
{1,2}
2,1 + b
{1}
3 (g
{1,2}
3,1 + g
{1,2}
3,2 ) 0
τTPS13 2 a
{2,1}
2,1 b
{2}
2 + b
{2}
3 (a
{2,1}
3,1 + a
{2,1}
3,2 ) + b
{2}
4 (a
{2,1}
4,1 + a
{2,1}
4,2 + a
{2,1}
4,3 )
1
2
τTPS15 2 a
{2,2}
2,1 b
{2}
2 + b
{2}
3 (a
{2,2}
3,1 + a
{2,2}
3,2 ) + b
{2}
4 (a
{2,2}
4,1 + a
{2,2}
4,2 + a
{2,2}
4,3 )
1
2
τTPS17 2 b
{2}
2 g
{2,1}
2,1 + b
{2}
3 (g
{2,1}
3,1 + g
{2,1}
3,2 ) + b
{2}
4 (g
{2,1}
4,1 + g
{2,1}
4,2 + g
{2,1}
4,3 ) 0
τTPS19 2
b
{2}
1 g
{2,2}
1,1
2
+ b
{2}
2
(
g
{2,2}
2,1 +
g
{2,2}
2,2
2
)
+ b
{2}
3
(
g
{2,2}
3,1 + g
{2,2}
3,2 +
g
{2,2}
3,3
2
)
+ b
{2}
4
(
g
{2,2}
4,1 + g
{2,2}
4,2 + g
{2,2}
4,3 +
g
{2,2}
4,4
2
)
0
τTPS21 3 a
{1,1}
2,1
2
b
{1}
2 + b
{1}
3 (a
{1,1}
3,1 + a
{1,1}
3,2 )
2 1
3
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Tree Order B#(yn+1) B#(y(tn + h))
τTPS23 3 a
{1,1}
2,1 a
{1,2}
2,1 b
{1}
2 + b
{1}
3 (a
{1,1}
3,1 + a
{1,1}
3,2 )(a
{1,2}
3,1 + a
{1,2}
3,2 )
1
3
τTPS28 3 a
{1,2}
2,1
2
b
{1}
2 + b
{1}
3 (a
{1,2}
3,1 + a
{1,2}
3,2 )
2 1
3
τTPS31 3
a
{2,1}
2,1
2
b
{2}
2 + b
{2}
3 (a
{2,1}
3,1 + a
{2,1}
3,2 )
2 + b
{2}
4 (a
{2,1}
4,1 + a
{2,1}
4,2
+ a
{2,1}
4,3 )
2
1
3
τTPS32 3 0 0
τTPS33 3
a
{2,1}
2,1 a
{2,2}
2,1 b
{2}
2 + b
{2}
3 (a
{2,1}
3,1 + a
{2,1}
3,2 )(a
{2,2}
3,1 + a
{2,2}
3,2 )
+ b
{2}
4 (a
{2,1}
4,1 + a
{2,1}
4,2 + a
{2,1}
4,3 )(a
{2,2}
4,1 + a
{2,2}
4,2 + a
{2,2}
4,3 )
1
3
τTPS38 3
a
{2,2}
2,1
2
b
{2}
2 + b
{2}
3 (a
{2,2}
3,1 + a
{2,2}
3,2 )
2 + b
{2}
4 (a
{2,2}
4,1 + a
{2,2}
4,2
+ a
{2,2}
4,3 )
2
1
3
τTPS41 3 a
{1,1}
2,1 a
{1,1}
3,2 b
{1}
3
1
6
τTPS43 3 a
{1,1}
3,2 a
{1,2}
2,1 b
{1}
3
1
6
τTPS45 3
a
{1,1}
2,1 b
{1}
2 g
{1,1}
1,1
2
+ b
{1}
3
(
a
{1,1}
3,1 g
{1,1}
1,1
2
+ a
{1,1}
3,2
(
g
{1,1}
2,1 +
g
{1,1}
2,2
2
)) 0
τTPS47 3 a
{1,1}
3,2 b
{1}
3 g
{1,2}
2,1 0
τTPS49 3 a
{1,2}
3,2 a
{2,1}
2,1 b
{1}
3
1
6
τTPS51 3 a
{1,2}
3,2 a
{2,2}
2,1 b
{1}
3
1
6
τTPS53 3 a
{1,2}
3,2 b
{1}
3 g
{2,1}
2,1 0
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Tree Order B#(yn+1) B#(y(tn + h))
τTPS55 3
a
{1,2}
2,1 b
{1}
2 g
{2,2}
1,1
2
+ b
{1}
3
(
a
{1,2}
3,1 g
{2,2}
1,1
2
+ a
{1,2}
3,2
(
g
{2,2}
2,1 +
g
{2,2}
2,2
2
)) 0
τTPS57 3 b{1}3
(
a
{1,1}
2,1 g
{1,1}
3,2 +
1
2
g
{1,1}
3,3 (a
{1,1}
3,1 +a
{1,1}
3,2 )
)
+
a
{1,1}
2,1 b
{1}
2 g
{1,1}
2,2
2
0
τTPS59 3 b{1}3
(
a
{1,2}
2,1 g
{1,1}
3,2 +
1
2
g
{1,1}
3,3 (a
{1,2}
3,1 +a
{1,2}
3,2 )
)
+
a
{1,2}
2,1 b
{1}
2 g
{1,1}
2,2
2
0
τTPS61 3
b
{1}
1 g
{1,1}
1,1
2
6
+ b
{1}
2
g{1,1}1,1 g{1,1}2,1
2
+
g
{1,1}
2,1 g
{1,1}
2,2
2
+
g
{1,1}
2,2
2
6

+ b
{1}
3
g{1,1}1,1 g{1,1}3,1
2
+ g
{1,1}
3,2
(
g
{1,1}
2,1 +
g
{1,1}
2,2
2
)
+
1
2
g
{1,1}
3,3 (g
{1,1}
3,1 + g
{1,1}
3,2 ) +
g
{1,1}
3,3
2
6

0
τTPS63 3
b
{1}
2 g
{1,1}
2,2 g
{1,2}
2,1
2
+ b
{1}
3
(
g
{1,1}
3,2 g
{1,2}
2,1 +
1
2
g
{1,1}
3,3 (g
{1,2}
3,1 + g
{1,2}
3,2 )
)
0
τTPS65 3 a
{2,1}
2,1 b
{1}
3 g
{1,2}
3,2 0
τTPS67 3 a
{2,2}
2,1 b
{1}
3 g
{1,2}
3,2 0
τTPS69 3 b
{1}
3 g
{1,2}
3,2 g
{2,1}
2,1 0
τTPS71 3
b
{1}
2 g
{1,2}
2,1 g
{2,2}
1,1
2
+ b
{1}
3
(
g
{1,2}
3,1 g
{2,2}
1,1
2
+ g
{1,2}
3,2
(
g
{2,2}
2,1 +
g
{2,2}
2,2
2
)) 0
τTPS73 3 b
{2}
4 (a
{1,1}
2,1 a
{2,1}
4,2 + a
{2,1}
4,3 (a
{1,1}
3,1 + a
{1,1}
3,2 )) + a
{1,1}
2,1 a
{2,1}
3,2 b
{2}
3
1
6
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τTPS75 3 b
{2}
4 (a
{1,2}
2,1 a
{2,1}
4,2 + a
{2,1}
4,3 (a
{1,2}
3,1 + a
{1,2}
3,2 )) + a
{1,2}
2,1 a
{2,1}
3,2 b
{2}
3
1
6
τTPS77 3
a
{2,1}
2,1 b
{2}
2 g
{1,1}
1,1
2
+ b
{2}
3
(
a
{2,1}
3,1 g
{1,1}
1,1
2
+ a
{2,1}
3,2
(
g
{1,1}
2,1 +
g
{1,1}
2,2
2
))
+ b
{2}
4
(
a
{2,1}
4,1 g
{1,1}
1,1
2
+ a
{2,1}
4,2
(
g
{1,1}
2,1 +
g
{1,1}
2,2
2
)
+ a
{2,1}
4,3
(
g
{1,1}
3,1 + g
{1,1}
3,2 +
g
{1,1}
3,3
2
))
0
τTPS79 3 a
{2,1}
3,2 b
{2}
3 g
{1,2}
2,1 + b
{2}
4 (a
{2,1}
4,2 g
{1,2}
2,1 + a
{2,1}
4,3 (g
{1,2}
3,1 + g
{1,2}
3,2 )) 0
τTPS81 3 b
{2}
4 (a
{2,1}
2,1 a
{2,2}
4,2 + a
{2,2}
4,3 (a
{2,1}
3,1 + a
{2,1}
3,2 )) + a
{2,1}
2,1 a
{2,2}
3,2 b
{2}
3
1
6
τTPS83 3 b
{2}
4 (a
{2,2}
2,1 a
{2,2}
4,2 + a
{2,2}
4,3 (a
{2,2}
3,1 + a
{2,2}
3,2 )) + a
{2,2}
2,1 a
{2,2}
3,2 b
{2}
3
1
6
τTPS85 3 a
{2,2}
3,2 b
{2}
3 g
{2,1}
2,1 + b
{2}
4 (a
{2,2}
4,2 g
{2,1}
2,1 + a
{2,2}
4,3 (g
{2,1}
3,1 + g
{2,1}
3,2 )) 0
τTPS87 3
a
{2,2}
2,1 b
{2}
2 g
{2,2}
1,1
2
+ b
{2}
3
(
a
{2,2}
3,1 g
{2,2}
1,1
2
+ a
{2,2}
3,2
(
g
{2,2}
2,1 +
g
{2,2}
2,2
2
))
+ b
{2}
4
(
a
{2,2}
4,1 g
{2,2}
1,1
2
+ a
{2,2}
4,2
(
g
{2,2}
2,1 +
g
{2,2}
2,2
2
)
+ a
{2,2}
4,3
(
g
{2,2}
3,1 + g
{2,2}
3,2 +
g
{2,2}
3,3
2
))
0
τTPS89 3 b
{2}
4 (a
{1,1}
2,1 g
{2,1}
4,2 + g
{2,1}
4,3 (a
{1,1}
3,1 + a
{1,1}
3,2 )) + a
{1,1}
2,1 b
{2}
3 g
{2,1}
3,2 0
τTPS91 3 b
{2}
4 (a
{1,2}
2,1 g
{2,1}
4,2 + g
{2,1}
4,3 (a
{1,2}
3,1 + a
{1,2}
3,2 )) + a
{1,2}
2,1 b
{2}
3 g
{2,1}
3,2 0
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τTPS93 3
b
{2}
2 g
{1,1}
1,1 g
{2,1}
2,1
2
+ b
{2}
3
(
g
{1,1}
1,1 g
{2,1}
3,1
2
+ g
{2,1}
3,2
(
g
{1,1}
2,1 +
g
{1,1}
2,2
2
))
+ b
{2}
4
(
g
{1,1}
1,1 g
{2,1}
4,1
2
+ g
{2,1}
4,2
(
g
{1,1}
2,1 +
g
{1,1}
2,2
2
)
+ g
{2,1}
4,3
(
g
{1,1}
3,1 + g
{1,1}
3,2 +
g
{1,1}
3,3
2
))
0
τTPS95 3 b
{2}
3 g
{1,2}
2,1 g
{2,1}
3,2 + b
{2}
4 (g
{1,2}
2,1 g
{2,1}
4,2 + g
{2,1}
4,3 (g
{1,2}
3,1 + g
{1,2}
3,2 )) 0
τTPS97 3
b
{2}
4
(
a
{2,1}
2,1 g
{2,2}
4,2 + g
{2,2}
4,3 (a
{2,1}
3,1 + a
{2,1}
3,2 )
+
1
2
g
{2,2}
4,4 (a
{2,1}
4,1 + a
{2,1}
4,2 + a
{2,1}
4,3 )
)
+ b
{2}
3
(
a
{2,1}
2,1 g
{2,2}
3,2 +
1
2
g
{2,2}
3,3 (a
{2,1}
3,1 + a
{2,1}
3,2 )
)
+
a
{2,1}
2,1 b
{2}
2 g
{2,2}
2,2
2
0
τTPS99 3
b
{2}
4
(
a
{2,2}
2,1 g
{2,2}
4,2 + g
{2,2}
4,3 (a
{2,2}
3,1 + a
{2,2}
3,2 )
+
1
2
g
{2,2}
4,4 (a
{2,2}
4,1 + a
{2,2}
4,2 + a
{2,2}
4,3 )
)
+ b
{2}
3
(
a
{2,2}
2,1 g
{2,2}
3,2 +
1
2
g
{2,2}
3,3 (a
{2,2}
3,1 + a
{2,2}
3,2 )
)
+
a
{2,2}
2,1 b
{2}
2 g
{2,2}
2,2
2
0
τTPS101 3
b
{2}
2 g
{2,1}
2,1 g
{2,2}
2,2
2
+ b
{2}
3
(
g
{2,1}
2,1 g
{2,2}
3,2 +
1
2
g
{2,2}
3,3 (g
{2,1}
3,1 + g
{2,1}
3,2 )
)
+ b
{2}
4
(
g
{2,1}
2,1 g
{2,2}
4,2 + g
{2,2}
4,3 (g
{2,1}
3,1 + g
{2,1}
3,2 )
+
1
2
g
{2,2}
4,4 (g
{2,1}
4,1 + g
{2,1}
4,2 + g
{2,1}
4,3 )
)
0
46
Tree Order B#(yn+1) B#(y(tn + h))
τTPS103 3
b
{2}
1 g
{2,2}
1,1
2
6
+ b
{2}
2
g{2,2}1,1 g{2,2}2,1
2
+
g
{2,2}
2,1 g
{2,2}
2,2
2
+
g
{2,2}
2,2
2
6

+ b
{2}
3
g{2,2}1,1 g{2,2}3,1
2
+ g
{2,2}
3,2
(
g
{2,2}
2,1 +
g
{2,2}
2,2
2
)
+
1
2
g
{2,2}
3,3 (g
{2,2}
3,1 + g
{2,2}
3,2 ) +
g
{2,2}
3,3
2
6

+ b
{2}
4
g{2,2}1,1 g{2,2}4,1
2
+ g
{2,2}
4,2
(
g
{2,2}
2,1 +
g
{2,2}
2,2
2
)
+ g
{2,2}
4,3
(
g
{2,2}
3,1 + g
{2,2}
3,2 +
g
{2,2}
3,3
2
)
+
1
2
g
{2,2}
4,4 (g
{2,2}
4,1 + g
{2,2}
4,2 + g
{2,2}
4,3 ) +
g
{2,2}
4,4
2
6

0
φ – 1 1
Appendix E.2. PEPIRKW Order Conditions
Table E.6: Order conditions for the three stage PEPIRKW method
Tree Order B#(yn+1) B#(y(tn + h))
τTPS1 1 b
{1}
1 p
{1,1}
1,1 1
τTPS3 1 b
{2}
1 p
{2,2}
1,1 1
τTPS5 2
b
{1}
3
(
p
{1,1}
3,1 (a
{1,1}
2,1 p
{1,1}
1,1 − 2a{1,1}1,1 p{1,1}1,1 )
+
1
2
p
{1,1}
3,2 (a
{1,1}
2,1 p
{1,1}
1,1 − 2a{1,1}1,1 p{1,1}1,1 )
+
1
6
p
{1,1}
3,3 (a
{1,1}
2,1 p
{1,1}
1,1 − 2a{1,1}1,1 p{1,1}1,1 )
)
+ b
{1}
2
(
a
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,1 +
a
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,2
2
)
1
2
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τTPS7 2
b
{1}
3
(
p
{1,1}
3,1 (a
{1,2}
2,1 p
{1,2}
1,1 − 2a{1,2}1,1 p{1,2}1,1 )
+
1
2
p
{1,1}
3,2 (a
{1,2}
2,1 p
{1,2}
1,1 − 2a{1,2}1,1 p{1,2}1,1 )
+
1
6
p
{1,1}
3,3 (a
{1,2}
2,1 p
{1,2}
1,1 − 2a{1,2}1,1 p{1,2}1,1 )
)
+ b
{1}
2
(
a
{1,2}
1,1 p
{1,1}
2,1 p
{1,2}
1,1 +
a
{1,2}
1,1 p
{1,1}
2,2 p
{1,2}
1,1
2
)
1
2
τTPS9 2
b
{1}
1 g
{1,1}
3,1 p
{1,1}
1,1
2
0
τTPS13 2
b
{2}
3
(
p
{2,2}
3,1 (a
{2,1}
2,1 p
{2,1}
1,1 − 2a{2,1}1,1 p{2,1}1,1 )
+
1
2
p
{2,2}
3,2 (a
{2,1}
2,1 p
{2,1}
1,1 − 2a{2,1}1,1 p{2,1}1,1 )
+
1
6
p
{2,2}
3,3 (a
{2,1}
2,1 p
{2,1}
1,1 − 2a{2,1}1,1 p{2,1}1,1 )
)
+ b
{2}
2
(
a
{2,1}
1,1 p
{2,1}
1,1 p
{2,2}
2,1 +
a
{2,1}
1,1 p
{2,1}
1,1 p
{2,2}
2,2
2
)
1
2
τTPS15 2
b
{2}
3
(
p
{2,2}
3,1 (a
{2,2}
2,1 p
{2,2}
1,1 − 2a{2,2}1,1 p{2,2}1,1 )
+
1
2
p
{2,2}
3,2 (a
{2,2}
2,1 p
{2,2}
1,1 − 2a{2,2}1,1 p{2,2}1,1 )
+
1
6
p
{2,2}
3,3 (a
{2,2}
2,1 p
{2,2}
1,1 − 2a{2,2}1,1 p{2,2}1,1 )
)
+ b
{2}
2
(
a
{2,2}
1,1 p
{2,2}
1,1 p
{2,2}
2,1 +
a
{2,2}
1,1 p
{2,2}
1,1 p
{2,2}
2,2
2
)
1
2
τTPS19 2
b
{2}
1 g
{2,2}
3,1 p
{2,2}
1,1
2
0
τTPS21 3
b
{1}
3
(
p
{1,1}
3,1
(
a
{1,1}
2,1
2
p
{1,1}
1,1
2 − 2a{1,1}1,1
2
p
{1,1}
1,1
2)
+
1
2
p
{1,1}
3,2
(
a
{1,1}
2,1
2
p
{1,1}
1,1
2 − 2a{1,1}1,1
2
p
{1,1}
1,1
2)
+
1
6
p
{1,1}
3,3
(
a
{1,1}
2,1
2
p
{1,1}
1,1
2 − 2a{1,1}1,1
2
p
{1,1}
1,1
2))
+ b
{1}
2
(
a
{1,1}
1,1
2
p
{1,1}
1,1
2
p
{1,1}
2,1 +
1
2
a
{1,1}
1,1
2
p
{1,1}
1,1
2
p
{1,1}
2,2
)
1
3
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τTPS23 3
b
{1}
3
(
p
{1,1}
3,1 (a
{1,1}
2,1 a
{1,2}
2,1 p
{1,1}
1,1 p
{1,2}
1,1 − 2a{1,1}1,1 a{1,2}1,1 p{1,1}1,1 p{1,2}1,1 )
+
1
2
p
{1,1}
3,2 (a
{1,1}
2,1 a
{1,2}
2,1 p
{1,1}
1,1 p
{1,2}
1,1 − 2a{1,1}1,1 a{1,2}1,1 p{1,1}1,1 p{1,2}1,1 )
+
1
6
p
{1,1}
3,3 (a
{1,1}
2,1 a
{1,2}
2,1 p
{1,1}
1,1 p
{1,2}
1,1 − 2a{1,1}1,1 a{1,2}1,1 p{1,1}1,1 p{1,2}1,1 )
)
+ b
{1}
2
(
a
{1,1}
1,1 a
{1,2}
1,1 p
{1,1}
1,1 p
{1,1}
2,1 p
{1,2}
1,1
+
1
2
a
{1,1}
1,1 a
{1,2}
1,1 p
{1,1}
1,1 p
{1,1}
2,2 p
{1,2}
1,1
)
1
3
τTPS28 3
b
{1}
3
(
p
{1,1}
3,1
(
a
{1,2}
2,1
2
p
{1,2}
1,1
2 − 2a{1,2}1,1
2
p
{1,2}
1,1
2)
+
1
2
p
{1,1}
3,2
(
a
{1,2}
2,1
2
p
{1,2}
1,1
2 − 2a{1,2}1,1
2
p
{1,2}
1,1
2)
+
1
6
p
{1,1}
3,3
(
a
{1,2}
2,1
2
p
{1,2}
1,1
2 − 2a{1,2}1,1
2
p
{1,2}
1,1
2))
+ b
{1}
2
(
a
{1,2}
1,1
2
p
{1,1}
2,1 p
{1,2}
1,1
2
+
1
2
a
{1,2}
1,1
2
p
{1,1}
2,2 p
{1,2}
1,1
2
)
1
3
τTPS31 3
b
{2}
3
(
p
{2,2}
3,1
(
a
{2,1}
2,1
2
p
{2,1}
1,1
2 − 2a{2,1}1,1
2
p
{2,1}
1,1
2)
+
1
2
p
{2,2}
3,2
(
a
{2,1}
2,1
2
p
{2,1}
1,1
2 − 2a{2,1}1,1
2
p
{2,1}
1,1
2)
+
1
6
p
{2,2}
3,3
(
a
{2,1}
2,1
2
p
{2,1}
1,1
2 − 2a{2,1}1,1
2
p
{2,1}
1,1
2))
+ b
{2}
2
(
a
{2,1}
1,1
2
p
{2,1}
1,1
2
p
{2,2}
2,1 +
1
2
a
{2,1}
1,1
2
p
{2,1}
1,1
2
p
{2,2}
2,2
)
1
3
τTPS33 3
b
{2}
3
(
p
{2,2}
3,1 (a
{2,1}
2,1 a
{2,2}
2,1 p
{2,1}
1,1 p
{2,2}
1,1 − 2a{2,1}1,1 a{2,2}1,1 p{2,1}1,1 p{2,2}1,1 )
+
1
2
p
{2,2}
3,2 (a
{2,1}
2,1 a
{2,2}
2,1 p
{2,1}
1,1 p
{2,2}
1,1 − 2a{2,1}1,1 a{2,2}1,1 p{2,1}1,1 p{2,2}1,1 )
+
1
6
p
{2,2}
3,3 (a
{2,1}
2,1 a
{2,2}
2,1 p
{2,1}
1,1 p
{2,2}
1,1 − 2a{2,1}1,1 a{2,2}1,1 p{2,1}1,1 p{2,2}1,1 )
)
+ b
{2}
2
(
a
{2,1}
1,1 a
{2,2}
1,1 p
{2,1}
1,1 p
{2,2}
1,1 p
{2,2}
2,1
+
1
2
a
{2,1}
1,1 a
{2,2}
1,1 p
{2,1}
1,1 p
{2,2}
1,1 p
{2,2}
2,2
)
1
3
49
Tree Order B#(yn+1) B#(y(tn + h))
τTPS38 3
b
{2}
3
(
p
{2,2}
3,1
(
a
{2,2}
2,1
2
p
{2,2}
1,1
2 − 2a{2,2}1,1
2
p
{2,2}
1,1
2)
+
1
2
p
{2,2}
3,2
(
a
{2,2}
2,1
2
p
{2,2}
1,1
2 − 2a{2,2}1,1
2
p
{2,2}
1,1
2)
+
1
6
p
{2,2}
3,3
(
a
{2,2}
2,1
2
p
{2,2}
1,1
2 − 2a{2,2}1,1
2
p
{2,2}
1,1
2))
+ b
{2}
2
(
a
{2,2}
1,1
2
p
{2,2}
1,1
2
p
{2,2}
2,1 +
1
2
a
{2,2}
1,1
2
p
{2,2}
1,1
2
p
{2,2}
2,2
)
1
3
τTPS41 3
b
{1}
3
(
a
{1,1}
2,2 p
{1,1}
3,1
(
a
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,1 +
a
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,2
2
)
+
1
2
a
{1,1}
2,2 p
{1,1}
3,2
(
a
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,1 +
a
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,2
2
)
+
1
6
a
{1,1}
2,2 p
{1,1}
3,3
(
a
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,1 +
a
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,2
2
))
1
6
τTPS43 3
b
{1}
3
(
a
{1,1}
2,2 p
{1,1}
3,1
(
a
{1,2}
1,1 p
{1,1}
2,1 p
{1,2}
1,1 +
a
{1,2}
1,1 p
{1,1}
2,2 p
{1,2}
1,1
2
)
+
1
2
a
{1,1}
2,2 p
{1,1}
3,2
(
a
{1,2}
1,1 p
{1,1}
2,1 p
{1,2}
1,1 +
a
{1,2}
1,1 p
{1,1}
2,2 p
{1,2}
1,1
2
)
+
1
6
a
{1,1}
2,2 p
{1,1}
3,3
(
a
{1,2}
1,1 p
{1,1}
2,1 p
{1,2}
1,1 +
a
{1,2}
1,1 p
{1,1}
2,2 p
{1,2}
1,1
2
))
1
6
τTPS45 3
b
{1}
3
(
p
{1,1}
3,1
(
a
{1,1}
2,1 g
{1,1}
2,1 p
{1,1}
1,1
2
− a{1,1}1,1 g{1,1}1,1 p{1,1}1,1
)
+
1
2
p
{1,1}
3,2
(
a
{1,1}
2,1 g
{1,1}
2,1 p
{1,1}
1,1
2
− a{1,1}1,1 g{1,1}1,1 p{1,1}1,1
)
+
1
6
p
{1,1}
3,3
(
a
{1,1}
2,1 g
{1,1}
2,1 p
{1,1}
1,1
2
− a{1,1}1,1 g{1,1}1,1 p{1,1}1,1
))
+ b
{1}
2
(
1
2
a
{1,1}
1,1 g
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,1
+
1
4
a
{1,1}
1,1 g
{1,1}
1,1 p
{1,1}
1,1 p
{1,1}
2,2
)
0
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τTPS49 3
b
{1}
3
(
a
{1,2}
2,2 p
{1,1}
3,1
(
a
{2,1}
1,1 p
{1,2}
2,1 p
{2,1}
1,1 +
a
{2,1}
1,1 p
{1,2}
2,2 p
{2,1}
1,1
2
)
+
1
2
a
{1,2}
2,2 p
{1,1}
3,2
(
a
{2,1}
1,1 p
{1,2}
2,1 p
{2,1}
1,1 +
a
{2,1}
1,1 p
{1,2}
2,2 p
{2,1}
1,1
2
)
+
1
6
a
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